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Classifying Quantum Dynamics
Can we classify (many-body) quantum systems

and identify their universal properties?

Integrable
∞ conserved charges,
Yang-Baxter Equation,

Bethe Ansatz, ...

Chaotic and Ergodic
Random Matrix Theory,

Complexity Growth,
Scrambling, ...

Broken Ergodicity
Many-Body-Localization,

Hilbert Space Fragmentation,
Scars, ...

Expectation: Most quantum systems are chaotic.
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How to Define Quantum Chaos?
Classical chaos = Sensitive dependence on initial conditions

= Positive Lyapunov exponents

Quantum Chaos Conjecture:
Spectral statistics follows
random matrix theory

Semiclassical periodic orbit theory:

ρ(E) = ρ̄(E) +
∑
p.o. γ

AγeiSγ/~

⇒ Correlations in the spectrum ∼ ρ (E , E ′) agrees with RMT

Quantization

[Bohigas, Giannoni, Schmit, PRL (1984)]

[Berry, Proc. R. Soc. London (1985)] [Sieber, Richter, Phys. Sc. (2001)] [Müller, et al., PRL (2004))]
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Spectral Form Factor for CUE(N)
I Floquet systems U w/o time reversal invariance
I Correlations between quasi-energies φi ; U |i〉 = eiφi |i〉:

ρ(φ,φ′)
ω=φ′−φ−−−−−→ r2(ω) =

〈2π
N2

∑
i j

δ(φi − φj − ω)
〉connected

CUE(N)

I SFF: KN(t) = F (r2) (t)→ correlations at energy scale 2π
t

KN(t) =
〈 ∣∣tr (U t)∣∣2 〉

CUE(N)
− N2δt0 = min{t , N}

t/N1

K/N

1
∼ t

CUE
Poisson

realistic

Quantum Chaos = Linear Ramp* of SFF
*for t > non-universal Thouless time
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Spectral Form Factor in Many-Body Systems
Typical many-body quantum systems 6= full random matrices
I Individual interacting particles/degrees of freedom

−→ tensor product structure
I Spatial locality and local interactions −→ sparse matrices

How does universal RMT behavior emerge from the
interaction of large/many individual subsystems?

No universal mechanism, but exact results for specific systems:
I Dual-unitary circuits with L→∞ [Bertini, Kos, Prosen, Commun. Math. Phys (2021)]

I Random circuits with N →∞ [Chan, De Luca, Chalker, PRL (2018)]

I Quantum-glass models [Barney, Winer, Baldwin et al., SciPost Phys. (2023)]

Here: Interacting chaotic systems
large but finite N, arbitrary L, without spatial structure
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Extended Random Matrix Transition Ensemble

Floquet systems:

U = Uc(ε) (U1 ⊗ U2 ⊗ · · · ⊗ UL)

I Ui ∈ CUE(N) independently

I Uc = diag
(

eiεξi1···iL

)
with i.i.d. ξi1···iL

U2

U1

Ui

Uj

UL

0 ∼ 1← universal transition (L = 2)→ σε

I Spectrum: Uncorrelated CUE
(
N2) spectrum

I Level spacing: p(s) = e−s Wigner-Dyson

I Entanglement: product states max. entangled eigenstates

I Dynamics: non-entangling max. entanglement as t →∞

Here: Universal transition of the SFF for any L

[Srivastava, et al., PRL, 2016]

[Tkocz, et al., Random Matrices (2012)]

[Srivastava, et al., PRL, 2016] [Herrmann, et al., PRE (2020)]

[Lakshminarayan, et al., PRE (2016)] [Tomsovic, et al., PRE (2018)]

[Pulikkottil, et al., PRE (2020)]
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Spectral Form Factor for RMTE

0 ∼ 1 σε

K (t) = KN(t)L

= min
(
tL, NL) K (t) = KNL(t)

= min
(
t , NL)

K (t) = (1− |χ(ε)|2t )KNL(t) + |χ(ε)|2tKN(t)L

χ(ε) =
〈

eiεξ
〉
ξ

L = 2, N = 50 κ(τ) = K (t)/NL

τ = t/NL

Time scales:
•Heisenberg time

τH = 1
•... of subsystems

τSH = 1
NL−1

•Thouless time
tTh = L ln(N)

2| ln |χ(ε)||

•
•

•
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Exact SFF in the Semiclassical Limit
I Factorization of averages over CUE(N)A, CUE(N)B, ξij :

m n
= Umn

tr
(
U t) tr

(
U−t)

K (t) =
∑
ijkl

UA U?
A UB U?

B

UA UB

〈
exp

(
iε
∑
ab
ξiakb − ξjalb

)〉
ξ

i1
i2
i3

it

j1
j2
j3

jt

k1

k2

k3

kt

l1
l2
l3

lt

N2t
(

1
N t

∑t−1
r=0

∏
a δia ja+r

) (
1

N t

∑t−1
s=0

∏
a δka la+s

) (
δrs + (1− δrs) |χ(ε)|2t

)

〈
·
〉

UA
=
∑
µ,ν∈St

∏
a

δiajµ(a)
δia+1jν(a+1)

N−t−|νµ−1| =
t−1∑
r=0

∏
a

δiaja+r N
−t

=
t∑

r ,s=0

(
δrs + (1− δrs) |χ(ε)|2t

)
=
(

1− |χ(ε)|2t
)

t + |χ(ε)|2t t2

=
(

1− |χ(ε)|2t
)

KN2(t) + |χ(ε)|2t [KN(t)]2

[Chan, De Luca, Chalker, PRL (2018)]

[Collins, Śniady, Commun. Math. Phys (2006)]
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Universaltity of the Spectral Form Factor

For large N: |χ(ε)|2t → e−Γ2τ with Γ = σεNL/2

κ(τ) =
(

1− e−Γ2τ
)

min(τ , 1) + e−Γ2τ min
(

[τ/τSH]L , 1
)

SFF in extended RMTE:
Time dependent convex combination
of SFF for CUE(NL) and CUE(N)⊗L

that depends only on Γ for times τ > τSH
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Fluctuations of the Spectral Form Factor

I Moments: K (m)(t) =
〈 ∣∣tr (U t)∣∣2m

〉
I CUE(M): K (m)

M (t) = m!KM(t)m

I RMTE:
Time dependent convex combination
of products of moments for CUE(NL)
and CUE(N)⊗L of order ≤ m

I κm(τ) = 1
NL

(
Km(t)

m!

)1/m

depends on Γ and L for τ > τSH

I Exponential distribution for τ > τTh

[Kunz, JPA (1999)]
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Coupled Kicked Rotors
I Periodically kicked rotors on 4-torus:

H(t) =
p2

A + p2
B

2
+

1
4π2

∑
n

δ(t − n)
[
kA cos(2πqA) + kB cos(2πqB) + γ cos(2π[qA + qB])

]

I Classically chaotic for kA = 9.7 and kB = 10.5

I Floquet operator: Ui = eiπNp2
i e

iNki
2π cos(2πqi ), Uc = e

iγN
2π cos(2π[qA+qB ])

N = h−1 = 50 — RMTE with Γ = γN2

2
√

2π

Time scales:
tE < N < tTh < N2

Ehrenfest time:
tE ≈ ln(N)

ln(kAkB/4)

Thouless time:
tTh = − ln(N)

ln |J0(γN/(2π))|

[Froschlé, Astron. & Astrophys. (1972)]
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Summary

I Extended RMTE as minimal model for
interacting few/many-body systems

I SFF and its moments in RMTE:
Time dependent convex combination of
noninteracting and strongly interacting limits

I Universal dependence of SFF on single scaling parameter Γ

I Exact results for short times t < N

I Applicable to quantized dynamical systems

More details: arXiv.2302.09955


