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Stierarchial Dual Unitary Dermutation Gates
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let us first define nicearchial dual unitality :
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2) I hierarchy ; 22 gates

-
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Similarly , one can define higher levels of hierarchy
by adding more gates . Here we focus mainly
on Lence . 1 (Dual unitaries) and Level-2 gates
From the definitions of hierarchial gates , it is
easy to see the following inclusion :

122L ,
R12

we denote by In theeet of gates in fuldet
our main interest is in

2
gates.

Defining tas : CRI 18) := <EICIU/IIR
&&

22 gates satisfy :
(10) 10 StQ1)(10ut) = 10 but

lu (1 u (Stel) = GOTQ1



Constructionof I gates :

For a given local dimension a various construct
- ions of dual unitary gates are known

.

However
, exhaustive construction is known

only for - = 2 (albits) [Bentini ,Kos , Prosen PRL2019]
For I gates some constructions have been

Recently proposed in , wang , Kos Quartum nown)(Rampp
,
Rather, Claeye no 23

As in the dual unitary case
,

exhaustive
-

construction of 2 gates is known only in

the anbit Case ,

Insighte about the construction and existence

of hierarchial gates is provided by Schmidt

decomposition :
RR

U = [Im AmQBm ; 11 , 7 .. r >
&

M=U

RiR : Schmidt ra f . R--
+e (AthAmi) = +e(mBm) = Smon'



Decialgates :

ill Local gates ; 10 = -U = a
n

No
,

No -> U(9) unitary group
7 ->

of axa matrice .R = 1 ( analogone toL product states)
Ma(ii) nimally entangled gates :

10 = T, = .
. . . : qz = b

janalogous)
(Beel states - AuBRR = q2 V =L

K=p

Note : Ars and Bre for these gatel need not be necessa.

-rily unitary . However for a= 2 (anbit Cases Are and
Bras can always be chosen as unitary .

For higher
local dimensions it is believed/conjectured that And

and Brs can always chosen to be unitary
[ Brahmachari

, Rajmohan,Rather , Larshminarayan PRA2024]

Remarkably set of maximally entangled
unitaries is same as dual unitary gates :

Maximally entangled unitary = Qual unitary-

Crather , Alavunda, Lakshminarayan PRL 2020)



Is Schmidt decomposition of I gates also

special ?

From definition of C gates it can be easily

Shown that Schmidt rank of I
: gates

Cannot be maximal ; R &2.
--

for I gates schmidt spectrum ; 57m3m=,
is always flat ; 10= 1

, = . .. = r
=

[Eoliquo, Kos, Bettini 2023]
Unlike the dual unitary case

, this condition is only
necessary but not sufficient-

Iwonbit Le gates :·
Possible Schmidt. Canke for two-hubit unitaries
are 1

,
2
,

and (Note that two-qubit unitary

of Schmidt rank 3 does not exist
Skeave , crac PRAC20l

, 1)(wielsen, ...., Hines , PRA 2003

For 22 gates Schmidt Rank # is not possible

therefore, only possible schmidt earce

are 1 Llocal gatess and 2.



Remark : All two-aubit entangling I2 gates
have Schmidt rank equal 2.

.

Consider the two-qubit (NoT gate : -

-> (ii)
(Xz = logc01@1 +11)11X-

10s107 109/13 115/03 11113

I.E
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O I
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schmidt form of CX2 :

CX a[(oc +11]
It is easy to see that (Xc has schmidt
Lanc 2 With Do = /

, =
2

. Infact, 2Xe
Is "the representative" of two-qubit legates
as all such gates are locally equivalent
to 2X2

[G(u ,evi)[X2 (mQve)} where undvi

are special single-aubit unitary gates.



It can be shown that the generalized (NOT

gate in local dimension a defined as
-

(X = 10 20101 + 11) (1/QX +....
+ 19-1)(q-1/@X *1; X 18) =181)

addition
mod q

=M
is an I2 gate having Schmidt rank

9 With 10 = /
, =

... = Nat=
All Ze gates in a given local dimension

G considered so far are permutation
mattices or permutation matrices multiplied
with local gates that preserveI property.
we now focu only on permutation mateices
and search for I gates having different

Schmidt ranks.



q = 3 (quteity-
As all two-qubit legates are known , we

focus on local dimension a = 3 auteit

As schmidtRanc 2 unitaries with flat
Schmidt decomposition do not exist for

odd local dimensions
, consequently two-qutsit

Le gates of Schmidt rank I do not exist.

The Possible Schmidt earks for twoqutrit

E gates are <3, 6 , 7 , b3
CNUT:Exe -

Consider a two quteit permutation mateix:

P(/icQ18)) = (dig) /big) ;

1 , 8 = 0, 1 , 2

Dif)(big) <



we write the permutation mateix in

so-called block form [Hermes , Nechita (2017)

p- 12 181 Mi,
i, 8=

#MtI
Where Mis are axa matrices consisting of
entries 0 and 1

. From unitarity of p it is
not hard to see that :

llMigl = 0 ,
1
, ......, I

,8

For a dual unitary permutation ;

"Mil= 1
,

tr(My May) = SixSee
ie
, Each Mig has one non-zero element (1)

and Mig are orthogonal.



As gates have flat Schmidt spectrum,

therefore all orthonormal non-zero blocks
must have the same norm ;

11 MiglF= constant 0

the number of such non-zero blocks
-

defines the Schmidt each of given Le
permutation gate . For example, theI
controlled Not gate ; (X=* INTRIQX *,

M=0
has a othonormal blocks each having
norm equal to i . Therefore , it's
schmidt rang isa
As /Mig is an integer for an

E gate , therefore the only possible
Schmidt raure possible for Ze gates
in given local dimension's are factors
of a . Trivial factors ; 1 (local permutation)

(Dual permutation



For2 =3 , the only possible Schmidt
rank for ze permutation gates is 3.

For composite dimension such as 9=4 , 6

different Schmidt eaure are possible.

For a = 4 , 22 permutation gates leaving
Schmidt Ranks 2 , 4 , and I are possible

Rampp
,
Rather, Claeye 2023

similarly for a= 6, 12 permutation gates
having schmidt ranke 2

, 4,6, 9, 12, and 18
Can be constructedd.

In gates beyond permutation gates-

we are not aware of an gate
which cannot be obtained by dressing
a permutation gate with single-site
unitaries or phases.



Conjecture For prime local
-
dimensions a, the only possible

Schmidt Rank for entangling
I gates is a

If the above conjecture holds,

this implies that the only possible

entanglement velocity;
Ve = log

Tagge
for be circuits is in prime
dimensional audits.

Thank You For The Attention !


