Integrable Hadamard circuits
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L
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L
Hy = bZXj,
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Kicked Ising Model

@ Alternate classical Ising model with quantum kicks

L
Hith] = Y "[JZ;Zj 11 + h;Z)],
j=1

L
Hqe =b) X,
j=1
—> Floquet unitary; U = ¢~ {Hilhl o -iHk

® Dual-unitary dynamics at |J| = |b| = /4
..integrableat 2; =0
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Kicked Ising Model

@ Alternate controlled phases with one-site unitaries

® Controlled phases

—izjjzjzﬁﬁhzj_)‘J.J.l.l.l.l.l
‘ I \'+

a b -2ih
where i bab _ € !
=e' P 04p00q aNd P = ; o2ih
c d

® One-site unitaries

Y RREREY

e = )
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Kicked Ising Model

Selelelel
etelototel

@ Written in terms of delta tensors and complex Hadamard matrices

a 1 —i e—Zih i
d+b :5a,b,c,d = i 1 = i e2ih
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@ Written in terms of delta tensors and complex Hadamard matrices

a 1 —i e—Zih i

c

® Complex Hadamard matrix:
HH' =H'H=q1 |Hap| = 1,Va, b
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at integrable point
® Complex Hadamard matrix:

HH' =H'H=q1 |Hap| = 1,Va, b
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@ Follows from space-time symmetry
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@ Follows from space-time symmetry
® Brickwork circuit (with modified boundary conditions) with gates
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@ Follows from space-time symmetry
® Brickwork circuit (with modified boundary conditions) with gates
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Kicked Potts Model

PHYSICAL REVIEW B 105. 144306 (2022)

Floquet integrability and long-range entanglement generation in
the one-dimensional quantum Potts model
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We develop a Floguet protocol for long-range il ion in the one-di ional Pous
model. which generalizes the transverse-filed Ising model by allowing each spin to have n > 2 states. We focus
on the case of n = 3, 50 that the model describes a chain of qutrits, The suggested protocol creates quirit
Bell-like pairs with nonlocal long-range entanglement that spans over the entire ¢hain, We then conjecture that
the proposed Floquet protocol is ble and explicitly a few first nontrivial conserved quantities
that with the stroboscopi lution operator. Our analysis of the Floguet integrability relies on the
deep connection between the quantum Potts model and a much broader class of models described by the
Temperiey-Lich algebra. We work at the purely algebraic kevel and our results on Floguet integrability arc valid
for any representation of the Temperley-Lieb algebra. We expect that our findings can be probed with present
experimental facilities using Rydberg prog and can find vanous applications 1n
guantum technologics.

DOI: 10.1103/PhysRevB. 105. 144306
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® (onsider three-state kicked Potts model
2N—1 .
Hy= Y (X]Xj1 + XX, ).
j=1
2N
H, = Z(Zj - Zj)
j=I

o Expressed in terms of clock operators, with w = ¢27/3
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® (onsider three-state kicked Potts model
2N—1 . '
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® Expressed in terms of clock operators, with w = ¢>7¢/3

1 0 0 1 0
Z=10 o 0], X= 0 1
0 0 o? 0 0

==
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® (onsider three-state kicked Potts model
2N—1 . '
Hy =Y (X[Xj1 +XX],)),
j=1
2N
Hy =) (Zj+Z)).

J=1

® Expressed in terms of clock operators, with w = ¢>™/3

1 0 0 1 0
Z=10 o 0], X= 0 1
0 0 o? 0 0

® Floquet dynamics [/ = e~ #H1T1o—iH2T2

==

. 2
..integrable for T3 =1y = §(3l —m), m=1,2
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Kicked Potts Model

olefetle
2T

B

@ Written in terms of complex Hadamard matrices

a 1l v w 1 w?
d+b =0a.b.c.d + =lw 1 w + =lw? 1
¢ w w 1 w?  w?

@ Shared property with KIM at integrable point
Horizontal Hadamards = Hermitian conjugate of vertical Hadamards
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@ Fix (symmetric) Hadamards to be each others inverse

@ Directly results in conserved charges and entanglement
generation protocols

1 q
@ Gates support solitons |[+) = — la) = —e
Vi &

FERETELIN
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@ Operator dynamics supports gliders as dressed 1 ® |+) (+|
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@ Unitary dynamics acts as translation
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Conserved charges

@ Operator dynamics supports gliders as dressed 1 ® |+) (+|

TR

@ Unitary dynamics acts as translation

S

-

4

I

R
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Gliders imply conserved charges

@ Two families of gliders

d
right moving: q Z uyy(a, b)ug(a. c) (|a) (al);(1b) {c]);j=1

=1

d
left moving;: q Z uy(a, byuy(a, c) (|b) {c]);(|a) (a]);+1

a=1
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Gliders imply conserved charges

@ Two families of gliders

right moving;: q
=1

d
ZUI{ (@, D)un(a. c) (|a) (al);(1b) {c]);j=1

d
left moving;: q Z uy(a, byuy(a, c) (|b) {c]);(|a) (a]);+1

a=1

@ Resulting in extensive set of local conserved charges

(n ) _ (+) (m1) (ng—1) (+)

(2 [ttt ' q_l:-ll o oo J’:Ak llq) Fho
J

Q(Hl Tp—1) qu )qs-;-ll)' (nk—1) (=)

k19548

n € {0, +},

. (0)
with. =1
n [ {” —} ql

11
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Entanglement generating protocol

‘—{ lmtml btatc
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N N+1 2N
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{b) 1 period .
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| Pair entanglement generalion}

Ur (T] — [ TH2 ITH)
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(e) N periods IQ(p.u))l
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W
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Entanglement generating protocol

@ |Initial state

el =1 L1

l

l
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Entanglement generating protocol

@ |Initial state

el =1 L1

l

l
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@ Full protocol
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@ Initial state
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Entanglement generating protocol

@ Initial state
e l+y=1 | | |

@ Full protocol
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0
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Entanglement generating protocol

@ Initial state
e l+y=1 | | |

@ Full protocol

= ‘ im!

1

M im!
+—{_—+ 1

N d
' 1 \ \
[¥finat) = ® (m z un(a, b) |a)y ;) By

J=1 ab=1

)
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Alternative approach: Fourier matrices

® General clock operators

1 0 0 - 0 0 1

0 wg 0 -+ 0 . 0 0
Zy= o . Xy =

0 0 0 wi? 10

0
0
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I 0 0 - 0 0 1
0 wg 0 -+ 0 . 0 0
0 0 0 - wit 10

satisfying Weyl relation X.Z; = waZ.X4

0
0
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Alternative approach: Fourier matrices

® General clock operators

I 0 0 - 0 0 1

0 0 - 0 0 0
Zy = - X, =

0 0 0 wi? 10

satisfying Weyl relation X.Z; = waZ.X4

® Fourier matrix Fup = wzb

1 1 1 1 1

1 w w2 wij w."V—l

1 W w? W w? ™1

1 o 8 o cee gAN-T)

1 w1 2IN-1) BN-1) L. N1



Clifford dynamics as phase space dynamics

@ The Fourier matrix exchanges X and Z as

FZF' = X FXFt = 771
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Clifford dynamics as phase space dynamics

@ The Fourier matrix exchanges X and Z as
FZF'=X  FXF'=27"!
@ (an be combined into
FZX'F' = Xx°77"

@ Interpretation: —x/2rotation of the toroidal phase space (a, b)
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Clifford dynamics as phase space dynamics

@ The Fourier matrix exchanges X and Z as
FZF'=X  FXF'=27"!
@ (an be combined into
FZX'F' = Xx°77"

@ Interpretation: —x/2rotation of the toroidal phase space (a, b)

—> Weylrelation XZ = wZX implies canonical commutation relation

16



Phase space (Clifford) dynamics
@ Unitary transformation with Z

- Zk Zaxszk’ _ Z(bew—bk:

Interpretation: kick to momentum

17



Phase space (Clifford) dynamics

@ Unitary transformation with Z

- Zk Zaxszk’ _ Z(bew—bk:

Interpretation: kick to momentum

@ Unitary transformation with diagonal S gate defined as
Sj; = exp(imj*/d)

17



Phase space (Clifford) dynamics

@ Unitary transformation with Z

- Zk Zaxszk’ _ Z(bew—bk:

Interpretation: kick to momentum

@ Unitary transformation with diagonal S gate defined as
Sj; = exp(imj*/d)

:> S(_): Zaxb(sT)a — w(y/?za—*—(xbxb

17



Phase space (Clifford) dynamics

@ Unitary transformation with Z

- Zk Zaxszk’ _ Z(bew—bk:

Interpretation: kick to momentum

@ Unitary transformation with diagonal S gate defined as
Sj; = exp(imj*/d)

:> S(_): Zaxb(sT)a — w(y/?za—*—(xbxb

Interpretation: Shear transformation

()= ()= () -0 6)

17



Phase space (Clifford) dynamics

® (ombine phase gate with Fourier matrix to obtain Hadamard

- . . 27i [ag? . ok?
v — o g Qo - . - 7
ng.(a,d) = (b FS )jk = exp ( / [ ) +jk+ D) ]) a0 € Z.
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Phase space (Clifford) dynamics

® (ombine phase gate with Fourier matrix to obtain Hadamard

4|2 TN

Ly a2 5.2
Cir(a.0) = (S°FS°),, = exp (2“' [ﬂ +jk4 ]) a6 €Z.

@ Phase space transformation
Z°X" — C(,0)2°X"C (o, 6) = 27 XY

=77
—N——

, .
where a) _[a ad — 1 a
(b’ > (1 d b mod d
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Phase space (Clifford) dynamics

® (ombine phase gate with Fourier matrix to obtain Hadamard

4|2 TN

Ey Y a2 5.2
Cir(a,0) = (S“FSJ)J.L_ = exp (2“’ [& +jk+ ok ]) a0 € Z.

@ Phase space transformation
Z°X" — C(,0)2°X"C (o, 6) = 27 XY

=77

[P —
, .
where a) _[a ad — 1 a
(b’ > (1 d b mod 4

® Quantum Cat Map! (= shear + mod shift)
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Cat maps

Arnold's cat map % 8 languages ~

Anticle  Talk Read Edil View history Tools v

From Wikipedia, the free encyclopedia

In mathematics, Amold’s cat map is a chaotic map from the torus into itself, named
after Viadimir Armold, who demonstrated its effects in the 19603 using an Image of &
cat. hence the name.!! It is a simpie and pedagogical example for hyperbolic toesl

automorphisms.
Thinking of the terus T° as the quotient space B /2%, Amnold's cat map is the \
transformation I': T# — T? glven by the formula 3
() = (22 4 .z + y) mod 1. Picture shoing how the linear 57
Equivalently, in miatrix notation, this is Mmap stretches the unit square and
how Its pleces ase rearanged
Ed 2 1= 1 1][1 off= when the madulo perstion is
() A T L | [ W e pertomed. The bres i the
arrows show the direction of the

That is, with a unit equal to the width of the square image, the image Is sheared one contracting and expanding
unit up, then two units to the right, and all that lles outside that unit square is shifted eigenspaces
back by the unit until it is within the square.

19



Cat maps

Arnold's cat map

Article  Talk

From Wikipedia, the free encyciopedia

tics, Arnold’'s cat map is a chaob)
d, who demonstrated its effects in the 19605 using an Image of &
cat. hence the name.!! It is a simpie and pedagogical example for hyperbolic torsl

Thinking of the torus T as the quotient space B /22, Amold's cat map is the

transformation I': T# — T? given by the formula
Clr,y) = (22 4 9.7 + ») mod 1.

Equivalently, In matrix notation, this is
z 2

(R | et [

That is, with a unit equal to the width of the square image. the image Is s
unit up. then two units to the right, and all that lles outside that unit square is shifted
back by the unit until it is within the square

2
mod 1.

ared one

map from the torus into itself, named

R FR— \Y
Read Edil View history Tools v
N
3

Orig.

Picture showing how the linear
map stretches the unit square and
how its pleces am rearanged
when the madulo operstion is
performed. The lines with the
arrows show the direction of the
contracting and expanding
eigenspaces

19



Coupled cat maps

etelelel
etoloteted

@ Horizontal: Fourier matrix F', Vertical: Dephased Fourier matrix C(a, 6)
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Coupled cat maps

elefele
elelof

@ Horizontal: Fourier matrix F', Vertical: Dephased Fourier matrix C(a, 6)

Qg 41 = (apg — bpo1p — byyr ) + (0 — 1)byy

b.l'.l+l = Qgyt — bJ‘—l.l - [)J'+Lf + Ob.r:.l

mod d.

20



Coupled cat maps

00
2.

O O

O
O

@ Horizontal: Fourier matrix F', Vertical: Dephased Fourier matrix C(a, 6)

Qg 41 = (apg — bpo1p — byyr ) + (0 — 1)byy

‘ mod d.
bJ'.l+l = Qg — bf—l.l - b,r+l4t + Oblf.(
@ Eliminate single variable
[Ab].rt - (0‘ + (5 - “szl
mod d

[Ab], , = bass1 + bagrpmr + bpsre + ba1p — by

20



Coupled cat maps

elefele
elelof

@ Horizontal: Fourier matrix ', Vertical: Dephased Fourier matrix C(a, 6)

gty = ((1-'.'1'.[ + b:rfl.t + b:r+1,t) + ((}'6 - l)b.’r.t
b.T.H—l = gt + bz—l.t + b1'+l.t + 6b1t
(O0],, = (v +8)bay

[Db];r_g = b.r.i+l + b.r+1.t71 - ba‘+1,_t - b.lrfl,_i-

mod d

x,t

20



Coupled cat maps

RARS
et

@ Horizontal: Fourier matrix ', Vertical: Dephased Fourier matrix C(a, 6)

gty = ((1-'.'1'.[ + b:rfl.t + b:r+1,t) + ((}'6 - l)b.’r.t
b.T.H—l = gt + bz—l.t + b1'+l.t + 6b1t

1d
[Db];r.l = b.T.t mod d

[Db];r_g = b.r.i+l + b.r+1.t71 - ba‘+1,_t - b.lrfl,_i-

20



Gliders in coupled cat maps
® Equations of motion simplify to

Ay t+1 = _b.z.',t

bn:.1+1 = Ozt + b;r—l,t + b;r+l.t

mod d.

a+0=0 modd
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Gliders in coupled cat maps
® Equations of motion simplify to

Ay t4+1 = _b.I.‘,l
bn:.r+1 = Ozt + b:r—l,t + b:v+l.t.

@ Support gliders

R X R _ .
Ay = To—t bf,[ = —Te—t-1

L L
Ay = Ia'+t bl»J = _,.z‘+t+l

mod d.

a+0=0 modd
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Gliders in coupled cat maps
® Equations of motion simplify to

Ug 41 = —byy
bn:.t+1 = Ozt + b:r—l,t + b:v+l.t

@ Support gliders

R X R _ .
Ay = To—t b,p,[ = —Te—t-1

L L
a.):,f = IJ‘+I b.l‘,t = —11«+t+1

mod d.

e -1
right moving: Z; X

left moving: Z; 1 X!

a+0=0 modd

J+1

J
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Gliders in coupled cat maps a+0=0 modd

® Equations of motion simplify to

Ay t4+1 = _bx,l
mod d.
bn:.t+1 = Ozt + b:r—l,t + b:v+l.t.
@ Support gliders
T R A T right moving: Z; Xy
af.v, = lz1s b’;', = —lpit41 left moving: ZJ-HXJ-_1

@ Fourier matrix results in additional gliders!

d—1 d—1
+) _ i (=) _ p ,
gt = 24;',\j+"1. g = 24'“.\] n

n=0 n=0
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Gliders in coupled cat maps a+0=0 modd

® Equations of motion simplify to

Ay t+1 = _bx,t
mod d.
bn:.t+1 = Ozt + b:r—l,t + b:v+l.t
@ Support gliders
al, =1, bR, = —r right moving: Z]»ijrl1
aby =loe b, = —lopen left moving: Z;,1.X; !
@ Fourier matrix results in additional gliders!
d—1 d—1
‘) ny —-n n L
(11[ 224:‘\j+1' qj ]:Zéﬂl‘\J
n=0 n=0
a b
d—1 d—1
CheCK = 1“0"14:[(' = wa(b—r). Z Z:':u‘\,b_r" = Zwundb—n=rmodd = wnib—r‘)
n=0 n=0

a ¢



Fractals in coupled cat maps

® Solutions will have fractal structure!

a+d#0 modd

22



Fractals in coupled cat maps

® Solutions will have fractal structure!

Kicked Ising model

a+d#0 modd

Kicked Potts model
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Fractals in coupled cat maps a+d7#0 modd

® Solutions will have fractal structure!

Kicked Ising model Kicked Potts model

® Note that these require Clifford dynamics! (No operator entanglement)
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Thanks for your attention!
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