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•  Manybody entanglement, MIPT  

•  Connection between entanglement and fluctuations in the  
presence of conservation  

•  Bipassing tomography by probing fluctuations  

•  Combining with steering: avoidable postselection 

•  Estimanting overhead; only polynomial! 

•  Summary



Figure 4: (color online) The manifold of quantum states in the Hilbert space that obeys the area-
law scaling for the entanglement entropy corresponds to a tiny corner in the overall huge space.

Hilbert space is unreachable in practice. To have a better idea of what this means let us put again
some numbers: for N ∼ 1023 particles, by evolving some quantum state with a local Hamiltonian,
reaching most of the states in the Hilbert space would take ∼ O(1010

23

) seconds. Considering
that the best current estimate for the age of the universe is around 1017 seconds [59], this means
that we should wait around the exponential of one-million times the age of the universe to reach
most of the states available in the Hilbert space. Add to this that your initial state must also be
compatible with some locality constraints in your physical system (because otherwise it may not
be truly physical), and what you obtain is that all the quantum states of many-body systems that
you will ever be able to explore are contained in a exponentially small manifold of the full Hilbert
space. This is why the Hilbert space of a quantum many-body systems is sometimes referred to as
a convenient illusion [58]: it is convenient from a mathematical perspective, but it is an illusion
because no one will ever see most of it.

4 Tensor Network theory

Let us now introduce some mathematical concepts. In what follows we will define what a TN
state is, and how this can be described in terms of TN diagrams. We will also introduce the TN
representation of quantum states, and explain the examples of Matrix Product States (MPS) for
1d systems [60], and Projected Entangled Pair States (PEPS) for 2d systems [16].

4.1 Tensors, tensor networks, and tensor network diagrams

For our purposes, a tensor is a multidimensional array of complex numbers. The rank of a tensor
is the number of indices. Thus, a rank-0 tensor is scalar (x), a rank-1 tensor is a vector (vα), and
a rank-2 tensor is a matrix (Aαβ).

An index contraction is the sum over all the possible values of the repeated indices of a set of
tensors. For instance, the matrix product

Cαγ =
D∑

β=1

AαβBβγ (1)
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Measuring B

<latexit sha1_base64="nuEAZxCvkCBf9GEpw+UkrxhYIWI="></latexit>

|ψ⟩ = 1√
2

(
| ↑A ↓B⟩ − | ↓A ↑B⟩

)
<latexit sha1_base64="ECq/DrSu6J+InlsIzeHfWSACNTs=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwIWVGRd0ItW5cVrAP6AxDJs20oZnMkGQsZdoPceOvuHGhiBsXgn9j2o6grQcCJ+fce5N7/JhRqSzry8gtLC4tr+RXC2vrG5tb5vZOXUaJwKSGIxaJpo8kYZSTmqKKkWYsCAp9Rhp+73rsN+6JkDTid2oQEzdEHU4DipHSkmeeDJ1YUkcg3mEEXkI4dNpRnyMhor53BZ0j6CTx9Fb5qfLMolWyJoDzxM5IEWSoeuaHHoqTkHCFGZKyZVuxclMkFMWMjApOIkmMcA91SEtTjkIi3XSy3AgeaKUNg0jowxWcqL87UhRKOQh9XRki1ZWz3lj8z2slKrhwU8rjRBGOpw8FCYMqguOkYJsKghUbaIKwoPqvEHeRQFjpPAs6BHt25XlSPy7ZZyX79rRYrmRx5MEe2AeHwAbnoAxuQBXUAAYP4Am8gFfj0Xg23oz3aWnOyHp2wR8Yn98rEaFq</latexit>

|ψ⟩ = | ↓A ↑B⟩

Entanglement vs measurement
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<latexit sha1_base64="laE1bVu5a0PAw3yC+7trIWSm7VQ=">AAAB+HicbVBNTwIxFHyLX4gfrHr00ggmnsgu0eiR6MUjJoIksCHd0oWGtrtpuya44Zd48aAxXv0p3vw3FtiDgpM0mcy8lzedMOFMG8/7dgpr6xubW8Xt0s7u3n7ZPThs6zhVhLZIzGPVCbGmnEnaMsxw2kkUxSLk9CEc38z8h0eqNIvlvZkkNBB4KFnECDZW6rvlak9gM1IiM0zQabXvVryaNwdaJX5OKpCj2Xe/eoOYpIJKQzjWuut7iQkyrAwjnE5LvVTTBJMxHtKupRILqoNsHnyKTq0yQFGs7JMGzdXfGxkWWk9EaCdnKfWyNxP/87qpia6CjMkkNVSSxaEo5cjEaNYCGjBFieETSzBRzGZFZIQVJsZ2VbIl+MtfXiXtes0/r13c1SuN67yOIhzDCZyBD5fQgFtoQgsIpPAMr/DmPDkvzrvzsRgtOPnOEfyB8/kDrSeTGw==</latexit> ti
m
e

<latexit sha1_base64="laE1bVu5a0PAw3yC+7trIWSm7VQ=">AAAB+HicbVBNTwIxFHyLX4gfrHr00ggmnsgu0eiR6MUjJoIksCHd0oWGtrtpuya44Zd48aAxXv0p3vw3FtiDgpM0mcy8lzedMOFMG8/7dgpr6xubW8Xt0s7u3n7ZPThs6zhVhLZIzGPVCbGmnEnaMsxw2kkUxSLk9CEc38z8h0eqNIvlvZkkNBB4KFnECDZW6rvlak9gM1IiM0zQabXvVryaNwdaJX5OKpCj2Xe/eoOYpIJKQzjWuut7iQkyrAwjnE5LvVTTBJMxHtKupRILqoNsHnyKTq0yQFGs7JMGzdXfGxkWWk9EaCdnKfWyNxP/87qpia6CjMkkNVSSxaEo5cjEaNYCGjBFieETSzBRzGZFZIQVJsZ2VbIl+MtfXiXtes0/r13c1SuN67yOIhzDCZyBD5fQgFtoQgsIpPAMr/DmPDkvzrvzsRgtOPnOEfyB8/kDrSeTGw==</latexit>

(a)

<latexit sha1_base64="X9Xqmi0MCgBZ5QOq4QnIchiM2Bo=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5jghewSjR6JXjxi4goJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8e3Mbz8xpXksH8wkYX5EhpKHnBJjJa9aI+fVfrni1J058Cpxc1KBHK1++as3iGkaMWmoIFp3XScxfkaU4VSwaamXapYQOiZD1rVUkohpP5sfO8VnVhngMFa2pMFz9fdERiKtJ1FgOyNiRnrZm4n/ed3UhNd+xmWSGibpYlGYCmxiPPscD7hi1IiJJYQqbm/FdEQUocbmU7IhuMsvr5LHRt29qF/eNyrNmzyOIpzAKdTAhStowh20wAMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfP0Lmjaw=</latexit>

(b)

<latexit sha1_base64="chmRlyEvtcEacI3ZnL900L4MjJ8=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5jghewSjR6JXjxi4goJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8e3Mbz8xpXksH8wkYX5EhpKHnBJjJa9aC86r/XLFqTtz4FXi5qQCOVr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCa/9jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWPjbp7Ub+8b1SaN3kcRTiBU6iBC1fQhDtogQcUODzDK7whiV7QO/pYtBZQPnMMf4A+fwBEbI2t</latexit>

Unitary gate

<latexit sha1_base64="URWcc3TkuoAtyLJljx+/NGL/g5Q=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7AbFD0GvXiMYB6QhDA76SRDZmeXmV5xWeKvePGgiFc/xJt/4+Rx0MSChqKqm+6uIJbCoOd9O7m19Y3Nrfx2YWd3b//APTxqmCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxjfTP3mA2gjInWPaQzdkA2VGAjO0Eo9t9hBeMSsrgQyndIhQ5j03JJX9magq8RfkBJZoNZzvzr9iCchKOSSGdP2vRi7GdMouIRJoZMYiBkfsyG0LVUsBNPNZsdP6KlV+nQQaVsK6Uz9PZGx0Jg0DGxnyHBklr2p+J/XTnBw1c2EihMExeeLBomkGNFpErQvNHCUqSWMa2FvpXzENONo8yrYEPzll1dJo1L2z8sXd5VS9XoRR54ckxNyRnxySarkltRInXCSkmfySt6cJ+fFeXc+5q05ZzFTJH/gfP4AU1yVNQ==</latexit>

=

<latexit sha1_base64="ob7B8kjbSB2ITPpThi7JXPKqINI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRRshaGMZ0ZhAcoS9zV6yZG/v2J0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0ikMOi6305uZXVtfSO/Wdja3tndK+4fPJo41Yw3WCxj3Qqo4VIo3kCBkrcSzWkUSN4MhjdTv/nEtRGxesBRwv2I9pUIBaNopfvyVblbLLkVdwayTLyMlCBDvVv86vRilkZcIZPUmLbnJuiPqUbBJJ8UOqnhCWVD2udtSxWNuPHHs1Mn5MQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG89MdCJSlyxeaLwlQSjMn0b9ITmjOUI0so08LeStiAasrQplOwIXiLLy+Tx2rFO6uc31VLtessjjwcwTGcggcXUINbqEMDGPThGV7hzZHOi/PufMxbc042cwh/4Hz+AEZDjSM=</latexit>

Projective measurement

<latexit sha1_base64="akTDvjAGGBJnTz7nTWCkmVnbsa8=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXZF0TJoYxnBPCBZwuzkbjJm9sHM3WBYUtn4KzYWitj6DXb+jbNJCk08MHA45x7u3OPFUmi07W8rt7S8srqWXy9sbG5t7xR39+o6ShSHGo9kpJoe0yBFCDUUKKEZK2CBJ6HhDa4zvzEEpUUU3uEoBjdgvVD4gjM0Uqd42EZ4wLSqonvgKIZAA2A6URBAiONOsWSX7QnoInFmpERmqHaKX+1uxJMszCXTuuXYMbopUyi4hHGhnWiIGR+wHrQMDVkA2k0nZ4zpsVG61I+UeSHSifo7kbJA61HgmcmAYV/Pe5n4n9dK0L90UxHGCULIp4v8RFKMaNYJ7QpljpcjQxhXwvyV8j5TjKNprmBKcOZPXiT107JzVj6/PS1VrmZ15MkBOSInxCEXpEJuSJXUCCeP5Jm8kjfryXqx3q2P6WjOmmX2yR9Ynz+GqpnN</latexit>

Projective measurement

<latexit sha1_base64="akTDvjAGGBJnTz7nTWCkmVnbsa8=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXZF0TJoYxnBPCBZwuzkbjJm9sHM3WBYUtn4KzYWitj6DXb+jbNJCk08MHA45x7u3OPFUmi07W8rt7S8srqWXy9sbG5t7xR39+o6ShSHGo9kpJoe0yBFCDUUKKEZK2CBJ6HhDa4zvzEEpUUU3uEoBjdgvVD4gjM0Uqd42EZ4wLSqonvgKIZAA2A6URBAiONOsWSX7QnoInFmpERmqHaKX+1uxJMszCXTuuXYMbopUyi4hHGhnWiIGR+wHrQMDVkA2k0nZ4zpsVG61I+UeSHSifo7kbJA61HgmcmAYV/Pe5n4n9dK0L90UxHGCULIp4v8RFKMaNYJ7QpljpcjQxhXwvyV8j5TjKNprmBKcOZPXiT107JzVj6/PS1VrmZ15MkBOSInxCEXpEJuSJXUCCeP5Jm8kjfryXqx3q2P6WjOmmX2yR9Ynz+GqpnN</latexit>
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(1)

<latexit sha1_base64="WJ6QcTZlU6YUE3TVcPMBHdknwdc=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBahXkpSbJtj0YvHivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdtGUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68WfveeSsUicadnMfVCPBYsYARrI92WnfNhsWRXbLfh1uvIkCUMcV272qghJ1NKkKE1LL4PRhFJQio04VipvmPH2kux1IxwOi8MEkVjTKZ4TPuGChxS5aXLU+fozCgjFETSlNBoqX6fSHGo1Cz0TWeI9UT99hbiX14/0YHrpUzEiaaCrBYFCUc6Qou/0YhJSjSfGYKJZOZWRCZYYqJNOgUTwten6H/SqVaci0rtplpqXmZx5OEETqEMDjSgCdfQgjYQGMMDPMGzxa1H68V6XbXmrGzmGH7AevsEn+6NYQ==</latexit>

(2)

<latexit sha1_base64="EEOwrC0nFPFq41sVUvto5DAoP0Y=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBahXkpSbJtj0YvHivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdtGUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68WfveeSsUicadnMfVCPBYsYARrI92Wq+fDYsmu2G7DrdeRIUsY4rp2tVFDTqaUIENrWHwfjCKShFRowrFSfceOtZdiqRnhdF4YJIrGmEzxmPYNFTikykuXp87RmVFGKIikKaHRUv0+keJQqVnom84Q64n67S3Ev7x+ogPXS5mIE00FWS0KEo50hBZ/oxGTlGg+MwQTycytiEywxESbdAomhK9P0f+kU604F5XaTbXUvMziyMMJnEIZHGhAE66hBW0gMIYHeIJni1uP1ov1umrNWdnMMfyA9fYJoXONYg==</latexit>

(3)

<latexit sha1_base64="dF1psOc+Xj+QYEM/ahDlgLPAzww=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBahXkpSbZtj0YvHirYW2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdtGUNEHA4/3ZpiZ58ecKW3bH1ZuZXVtfSO/Wdja3tndK+4fdFSUSELbJOKR7PpYUc4EbWumOe3GkuLQ5/TOn1zO/bt7KhWLxK2extQL8UiwgBGsjXRTPjsdFEt2xXYbbr2ODFnAENe1q40acjKlBBlag+J7fxiRJKRCE46V6jl2rL0US80Ip7NCP1E0xmSCR7RnqMAhVV66OHWGTowyREEkTQmNFur3iRSHSk1D33SGWI/Vb28u/uX1Eh24XspEnGgqyHJRkHCkIzT/Gw2ZpETzqSGYSGZuRWSMJSbapFMwIXx9iv4nnWrFOa/Urqul5kUWRx6O4BjK4EADmnAFLWgDgRE8wBM8W9x6tF6s12VrzspmDuEHrLdPoviNYw==</latexit>

|ψ0⟩

<latexit sha1_base64="mROCnD+oyJGoVs4l5vYWOwybqTw=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16CbaCp5IURY9FLx4r2A9oQthsN+3SzSbsbsQS81e8eFDEq3/Em//GbZuDtj4YeLw3w8y8IGFUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+Y3Mz83gMRksb8Xk0T4kVoxGlIMVJa8s1q/clNJPUzO3cF4iNG6r5Zsxv2HNYqcQpSgwJt3/xyhzFOI8IVZkjKgWMnysuQUBQzklfcVJIE4QkakYGmHEVEetn89tw61crQCmOhiytrrv6eyFAk5TQKdGeE1FguezPxP2+QqvDKyyhPUkU4XiwKU2ap2JoFYQ2pIFixqSYIC6pvtfAYCYSVjquiQ3CWX14l3WbDOW9c3DVrresijjIcwwmcgQOX0IJbaEMHMDzCM7zCm5EbL8a78bFoLRnFzBH8gfH5A6CflC0=</latexit>

|ψ1⟩

<latexit sha1_base64="zOKvEilUI3sh0508zc/RZCZI0K4=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16CbaCp5IURY9FLx4r2A9oQthsN+3SzSbsbsQS81e8eFDEq3/Em//GbZuDtj4YeLw3w8y8IGFUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+Y3Mz83gMRksb8Xk0T4kVoxGlIMVJa8s1q/clNJPUzJ3cF4iNG6r5Zsxv2HNYqcQpSgwJt3/xyhzFOI8IVZkjKgWMnysuQUBQzklfcVJIE4QkakYGmHEVEetn89tw61crQCmOhiytrrv6eyFAk5TQKdGeE1FguezPxP2+QqvDKyyhPUkU4XiwKU2ap2JoFYQ2pIFixqSYIC6pvtfAYCYSVjquiQ3CWX14l3WbDOW9c3DVrresijjIcwwmcgQOX0IJbaEMHMDzCM7zCm5EbL8a78bFoLRnFzBH8gfH5A6IslC4=</latexit>
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<latexit sha1_base64="URWcc3TkuoAtyLJljx+/NGL/g5Q=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7AbFD0GvXiMYB6QhDA76SRDZmeXmV5xWeKvePGgiFc/xJt/4+Rx0MSChqKqm+6uIJbCoOd9O7m19Y3Nrfx2YWd3b//APTxqmCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxjfTP3mA2gjInWPaQzdkA2VGAjO0Eo9t9hBeMSsrgQyndIhQ5j03JJX9magq8RfkBJZoNZzvzr9iCchKOSSGdP2vRi7GdMouIRJoZMYiBkfsyG0LVUsBNPNZsdP6KlV+nQQaVsK6Uz9PZGx0Jg0DGxnyHBklr2p+J/XTnBw1c2EihMExeeLBomkGNFpErQvNHCUqSWMa2FvpXzENONo8yrYEPzll1dJo1L2z8sXd5VS9XoRR54ckxNyRnxySarkltRInXCSkmfySt6cJ+fFeXc+5q05ZzFTJH/gfP4AU1yVNQ==</latexit>
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(3)
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Figure 1

A spacetime diagram of the two classes of quantum circuits considered in this review, with either
(a) a brickwork structure of two-site unitary gates or (b) unitary gates interspersed with local
projective measurements. A pure-state trajectory corresponding to a particular sequence of
measurement outcomes is shown, though the inherently probabilistic nature of the measurement
outcomes could yield other trajectories, which are shown schematically in (b).

Finally, a projective measurement of a spin will disentangle the measured spin. Starting

from the entangled state |φ⟩, a measurement of X1 will yield the outcomes X1 = ±1 with

the respective probabilities

p± = ⟨φ| P± |φ⟩ = 1
2
, P± ≡ 1±X1

2
, 6.

according to Born’s rule. After an observation of the outcome X1 = +1, the subsequent

wavefunction of the two-qubit system will be given by

|φ+⟩ ≡
P+ |φ⟩
√
p+

=
1√
2
[|→→⟩+ |→←⟩] = |→↑⟩ 7.

where Z |↑⟩ = |↑⟩, so that the two qubits are now completely disentangled. Similarly, an

observation of the outcome X1 = −1 would have yielded the state |φ−⟩ = |←↓⟩. As a

result, after the observation of any one outcome of the measurement, the two-qubit system

remains in a pure state in which the constituent qubits are disentangled from each other. In

contrast, the statistical mixture of pure states obtained by averaging over both measurement

outcomes with their Born probabilities,

ρ =
1
2
|φ+⟩ ⟨φ+|+

1
2
|φ−⟩ ⟨φ−| 8.

— which could describe the density matrix of the two-qubit system after an appropriate

unitary interaction with an external bath — is in a mixed state with entropy −Trρ log ρ =

ln 2, and the reduced state of each spin is maximally mixed due to the uncertainty in the

measurement outcomes.

2.3. Brickwork random unitary circuit

We now turn to unitary dynamics for a chain of L qubits. In the traditional many-body

setting, the starting point would be a Hamiltonian specifying evolution in continuous time.

Quantum circuits (used extensively in quantum information (39)) abstract away from this
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correlation functions. First, however, we address the toy
model for the transition in depth. While the toy model is in
a different universality class from the generic transition, it
captures many qualitative features of the phase diagram and
the transition remarkably well.
The toy model is an exact description of the dynamics

of the zeroth Rényi entanglement entropy (S0) in a
system with discrete-time dynamics that has a circuit
representation [19].
For circuit dynamics without measurement, the well-

known “minimal-cut” formula gives S0 exactly as a
function of time so long as the dynamics is not fine-tuned
(see Ref. [9] for a rigorous proof in one setting). We show
that the minimal-cut formula still holds exactly when there
are projective measurements—our key insight is that it
should be applied to a network in which some bonds are
“broken” by the presence of a measurement.
The minimal-cut representation of S0 yields an effective

classical optimization problem: finding the optimal cut
through a bond percolation configuration. We use this
mapping to characterize the scaling behavior of the
entanglement (S0) and mutual information (I0) at and on
both sides of the critical point of the toy model, which is at
the bond percolation threshold pc. The growth of entan-
glement in the three regimes is illustrated schematically in
Fig. 2 for a 1þ 1D system initialized in an area-law state.
The logarithmic entanglement growth at pc is a conse-
quence of scale invariance, which also leads to power-law
correlations of a certain type between distant spins. We
show that the three types of growth in Fig. 2 also character-
ize the regimes of the generic problem.
The existence of a transition in the toy model has a very

simple interpretation, which applies in any spatial dimen-
sion d. Namely, when the measurement rate exceeds pc, we
effectively break enough bonds for the circuit to fall apart
into disconnected pieces. Such pieces are disentangled
from each other, and the circuit no longer mediates long-
range correlations.
As we show below, the generic transition occurs at a

value of pc that is smaller than the value suggested by the
dynamics of S0. In other words, as p is increased,
entanglement production ceases well before the circuit
falls apart in the above sense. We diagnose the generic
transition using the von Neumann entanglement entropy
(and higher Rényi entropies). We focus on 1þ 1D spin
chains, where quantum simulations are feasible up to at

least L ¼ 24 using matrix product states [20]. The results
from the toy model guide our analysis of the data from
these systems. Strikingly, many qualitative features of the
toy model continue to hold, and we show clear evidence for
a transition at a finite pc. The universality class of the
transition, however, is distinct from classical percolation, as
we show by computing the correlation length exponent
close to the transition. In particular, as the transition is
approached, the characteristic length scale and timescale
diverge as ξ ∼ jp − pcj−ν and τ ∼ jp − pcj−νz, respectively,
with ν ¼ 2.03ð5Þ and a dynamical exponent z that is
consistent with z ¼ 1. We obtain consistent exponent
estimates for two different models, including a determin-
istic Floquet circuit and a random unitary circuit (each with
random measurements).
The specific models we study all have discrete time

dynamics. While this discretization is important in order for
the dynamics of S0 to be well defined [21] (i.e., for the
construction of the toy model), we do not expect that it will
affect the existence or universality class of the generic
transition that is manifest in physically meaningful quan-
tities (such as the von Neumann entanglement entropy S1 or
the mutual information between separated spins). It is also
possible to consider a continuous quantum measurement
process, which is obtained as a limiting case of very
frequent “weak” measurements [22,23]. The production
of entanglement in this setting has been considered for free
fermions in Ref. [24], where an arbitrarily weak measure-
ment was found to lead to an area-law state. This result was
explained in terms of a quasiparticle picture, making use of
integrability [24]. We conjecture that nonintegrable models
subjected to continuous measurement behave similarly to
the models we study here.
We briefly discuss the outlook for an analytical descrip-

tion of the dynamical transition that we find, making
connections with recent results for random unitary circuits
[9,18,25,26] and random tensor network states [27,28].

FIG. 2. Schematic illustration of entanglement production after
a quench from a product state in 1þ 1D. The growth of bipartite
entanglement entropy between the two semi-infinite halves of an
infinite chain is shown. In the entangling phase (p < pc; upper
curve), the entanglement grows “ballistically” with time. At the
critical point (p ¼ pc; middle curve), the entanglement grows
logarithmically. In the disentangling phase (p > pc; lower
curve), the entanglement saturates to a finite value. (Random
fluctuations are averaged over.)

Disentangling 
phase

Entangling
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Critical
dynamics

FIG. 1. Phase diagram as a function of p, the rate at which
measurements are made for each degree of freedom. Arrows
indicate renormalization-group flow.
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Figure 7

Monitored dynamics in (1+1)-dimensions leads to a phase transition in the entanglement
properties of the pure-state trajectories as a function of the monitoring rate p, as summarized
schematically on the left. The scaling of the von Neumann entanglement entropy in the
steady-state of the monitored dynamics with subsystem size, |A|, in the two phases and at the
“entanglement phase transition” is shown on the right.

Indeed, neglecting this important difference would lead to the incorrect conclusion that

the volume law phase is unstable for arbitrary small p: In a given timestep, a region A

suffers an extensive number of measurements (∝ |A|), while only of order |∂A| unitaries act
across the boundary of A and so can increase SA. If we assumed that each measurement

gave an O(1) decrease in SA — which would be true for a Page state — we would conclude

that measurements always win and the volume law state is unstable. The failure of this

argument is because the volume law states for 0 < p < pc are dissimilar to Page states, in

that the change in SA from measuring a qubit deep inside A is typically very small. This

can be seen in the language of the minimal cut, or more generally in terms of entanglement

domain walls discussed below (Sec. 4.1.2).

4.1.1. Coherent trajectories versus dissipative information loss. Under the circuit dy-

namics, the density matrix ρ(0) evolves to ρm(t) = Kmρ(0)K†
m/pm with probability

pm = Tr(K†
mKmρ(0)). It is important to distinguish between the state ρm — which obtains

when given measurement outcomes m have been recorded, and which is a pure state if the

initial state is pure — from the trajectory-averaged mixed state13 ρ ≡
∑

m pmρm. The

latter would be the appropriate description of the system if there was classical uncertainty

about m — i.e. if instead of measurements (with a known outcome), we had “decoher-

ence” due to interaction with an uncontrolled environment. For the dynamics we consider,

ρ always tends to the trivial, infinite temperature density matrix: the rich structure of

correlations in individual trajectories is washed out.

The entanglement entropy Sm
A of a subregion A, conditioned on the measurement out-

comes, quantifies its correlations with the outside, and is a probe of the transition, as noted

above. This should be distinguished from the “thermodynamic” entropy of the region, de-

fined as Sth = −Tr ρ̄ ln ρ̄. This will tend to the maximal value even in the area-law phase,

because of the additional classical uncertainty (ignorance of the measurement outcomes)

implied in using ρ̄.

Similarly, correlators of the form ⟨OO′⟩m = Tr ρmOO′ may be nontrivial. But

13We imagine performing this average with the other parameters of the circuit — the choices of
unitaries and measurement locations — held fixed.
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Other manifestaions of MIPT

Purification transition 

Dynamical quantum memory (dynamical QECC) 

Gullans, Huse, PRX (2019) 

Noel et. al., Nat. Phys. (2022)


Hayden & Preksill, JHEP (2007) 

Choi, Bao, Qi, Altman PRL (2019)
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Mixed phase as a dynamical quantum memory

Gullans, Huse ’19; Fan, Vijay, You, Vishwanath ’20 
Fidkowski, Hastings, Haah ’20; Li, Fisher ’20

When the random unitaries are prevalent, they can 
“hide” the information in a way that is inaccessible to 
local measurements.

Given ouptut state , define code distance d: 
     or    

  Local measurements on  have no effect on . 
Mixed phase is stable if  as .

ρm
|A | < d ⇔ IA,R = 0 ρAR = ρA ⊗ ρR

⇔ A SA∪A
d → ∞ L → ∞

Consequently, measurements on  do not contain 
information of the initial state (which is now subsumed 
in ) as long as .

A

R p < pc

Hayden and Preksill, ’07 
Choi, Bao, Qi, Altman ’19

Cm

RA

x

x

x

x

A

pc

| p

0 1
Coding phase 
finite code rate 
code distance ∼ L1/3

Non-coding phase

Mixed phase Pure phase
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p m
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ρ m
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MIPT as purification transition Gullans, Huse (2019) 

Noel, Niroula, Zhu et. al. Nature Physics ’22
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τ = T/L = 4x = (p − pc) ⋅ L1/ν
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• Experimentally motivated by advent of NISQ devices

• New capabilities for control and measurement 
• Ideal for exploring nonequilibrium phenomena in 

many-body setting
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Superconducting qubits  
(IBM-Caltech; Google AI Quantum)

 Kamakari et al., arXiv:2403.00938.

Full postselection and tomography

Utilizing cross-entropy benchmarking

Probing purification transition 
using single reference qubit

parameter. We then establish the existence of a decoding
light cone defined by the spacetime location of measure-
ment events that purify the reference qubits. We directly
show that this local spreading of quantum information into
the measurements allows scalable probes of the two phases
in large systems. We then turn to an examination of critical
scaling properties of the order parameter. As is typical of
critical phenomena, the behavior of n-point functions in
finite-size systems depends sensitively on the underlying
topology [26,27]. We illustrate how to use this property to
extract a “surface” order parameter exponent βs. To
measure the “bulk” order parameter exponent β [28],
finite-size effects are reduced by measuring the two-point
function, which we identify with the mutual information
between two initially locally entangled reference qubits.
Order parameter measurement.—Combined unitary-

measurement dynamics in one of its simplest forms refers
to the open system dynamics described by the family of
quantum channels

N tðρÞ ¼
X

m⃗

Km⃗ρK
†
m⃗ ⊗jm⃗ihm⃗j; ð1Þ

Km⃗ ¼ UtP
mt
t $ $ $U1P

m1

1 ; ð2Þ

where ρ is the density matrix of the system, Un are unitary
operators, Pmn

n is a sequences of projectors that satisfy
P0
n þ P1

n ¼ I, and m⃗ indexes the measurement outcomes
(mn ¼ 0 or 1). Such channels describe a system that is
coupled to the environment only through ancilla qubits,
which also act as a register to record the quantum
trajectories of the system [29]. We note that more general
definitions of measurement-induced transitions and phases
have been put forward in our recent work [19]. We consider

an equivalent formulation of the model shown in Fig. 1(a),
where the initial density matrix of the system S ρS ¼P

k λkjkihkj is purified by adding a reference system R:
jψRSi ¼

P
k

ffiffiffiffiffi
λk

p
jkRijki. In each layer of the circuit, we

apply spatially local unitaries, followed by a round of
single-site measurements of each site with probability p.
For rather generic choices of unitaries, MIC arises in such
models by tuning the measurement rate p to a critical
value pc.
Previously, we showed that one could identify the phase

transition by studying the purification dynamics of the
maximally mixed state [19]; however, the entropy of this
mixed state has a similar interpretation to entanglement as a
domain wall free-energy cost [21] and does not serve as a
local or scalable probe. Here, we instead consider the case
where the reference system consists of a finite number of
qubits. For simplicity and ease of experimental implemen-
tation, we first focus on a single-reference qubit. We extend
the channel to a unitary operation by including an envi-
ronment N tðρSÞ ¼ TrE½USEρSEU

†
SE'. The total state of the

reference, system, and environment jψRSEi evolves as

jψRSEi ¼
X

km⃗

ffiffiffiffiffiffiffiffi
pkm⃗

p jkRijψkm⃗ijm⃗i; ð3Þ

where
ffiffiffiffiffiffiffiffi
pkm⃗

p jψkm⃗i ¼
ffiffiffiffiffi
λk

p
ðKm⃗jkiÞjm⃗i and pkm⃗ is the joint

probability of starting in jki and observing measurements
m⃗. The reduced density matrix for the reference and
environment is ρRE ¼

P
m⃗ pm⃗ρRm⃗ ⊗jm⃗ihm⃗j with

ρRm⃗ ¼
" p0jm⃗

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffip0jm⃗p1jm⃗
p Om⃗

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffip0jm⃗p1jm⃗
p O(

m⃗ p1jm⃗

#
; ð4Þ

where pm⃗ ¼
P

k pkm⃗, pkjm⃗ ¼ pkm⃗=pm⃗ is the conditional
probability of the reference being in state jkRi, and Om⃗ ¼
hψ0m⃗jψ1m⃗i is an overlap factor. We introduce “quantum”
and “classical” order parameters based on this reduced
density matrix. We define the quantum order parameter as
the coherent quantum information of this input state [5],
which, for the channels in Eq. (1), reduces to the average
entropy of the reference qubit [18,19]

SQ ¼ SðρRÞ − IðR∶EÞ ¼
X

m⃗

pm⃗SðρRm⃗Þ; ð5Þ

where SðρÞ ¼ −Tr½ρ log ρ' is the von Neumann entropy
and IðR∶EÞ ¼ SðρRÞ þ SðρEÞ − SðρREÞ is the mutual infor-
mation between the reference and environment. SQ mea-
sures the ability of the system to store one bit of quantum
information [5,30]. In the ordered phase, the environment
gains little information about the state of the reference and
SQ can stay nonzero. In contrast, in the disordered phase,
the environment quickly learns about the state of the
reference and SQ decays to zero.
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FIG. 1. (a) Unitary-measurement dynamics in 1þ 1 dimensions
with additional reference probes. The reference qubits are used to
measure few-point order parameter correlations. (b) Finite-size
scaling of the entanglement transition in a stabilizer circuit model
using the circuit-averaged SQ as an order parameter (see text).
Each two-site unitary is drawn uniformly from the Clifford group,
and Z measurements are made at each site with probability p.
The crossing point for L ¼ 64–256 lets us locate pc ¼ 0.1598ð5Þ
and (inset) a collapse of the data at this value of pc occurs for
ν ¼ 1.30ð5Þ, consistent with previous estimates [16,19].
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Exponential complexity I: postselection 
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|ψ1⟩
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Unitary gate
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Figure 1

A spacetime diagram of the two classes of quantum circuits considered in this review, with either
(a) a brickwork structure of two-site unitary gates or (b) unitary gates interspersed with local
projective measurements. A pure-state trajectory corresponding to a particular sequence of
measurement outcomes is shown, though the inherently probabilistic nature of the measurement
outcomes could yield other trajectories, which are shown schematically in (b).

Finally, a projective measurement of a spin will disentangle the measured spin. Starting

from the entangled state |φ⟩, a measurement of X1 will yield the outcomes X1 = ±1 with

the respective probabilities

p± = ⟨φ| P± |φ⟩ = 1
2
, P± ≡ 1±X1

2
, 6.

according to Born’s rule. After an observation of the outcome X1 = +1, the subsequent

wavefunction of the two-qubit system will be given by

|φ+⟩ ≡
P+ |φ⟩
√
p+

=
1√
2
[|→→⟩+ |→←⟩] = |→↑⟩ 7.

where Z |↑⟩ = |↑⟩, so that the two qubits are now completely disentangled. Similarly, an

observation of the outcome X1 = −1 would have yielded the state |φ−⟩ = |←↓⟩. As a

result, after the observation of any one outcome of the measurement, the two-qubit system

remains in a pure state in which the constituent qubits are disentangled from each other. In

contrast, the statistical mixture of pure states obtained by averaging over both measurement

outcomes with their Born probabilities,

ρ =
1
2
|φ+⟩ ⟨φ+|+

1
2
|φ−⟩ ⟨φ−| 8.

— which could describe the density matrix of the two-qubit system after an appropriate

unitary interaction with an external bath — is in a mixed state with entropy −Trρ log ρ =

ln 2, and the reduced state of each spin is maximally mixed due to the uncertainty in the

measurement outcomes.

2.3. Brickwork random unitary circuit

We now turn to unitary dynamics for a chain of L qubits. In the traditional many-body

setting, the starting point would be a Hamiltonian specifying evolution in continuous time.

Quantum circuits (used extensively in quantum information (39)) abstract away from this

8 Fisher Khemani Nahum Vijay

Average # of measured qubits

<latexit sha1_base64="sr0rKIdQkvLhVIr4+K0pqdgLnoY=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxsIiQr4gOcPeZi9Zsre37O4J4ciPsLFQxNbfY+e/cS+5QhMfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4zv/NElWaxaJqppH6ER4KFjGBjpU7tMZX3zdmgXHGr7hxolXg5qUCOxqD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n83Nn6MwqQxTGypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x47adMyMRQQRaLwoQjE6PsdzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2rWqd1n1Hi4q9Zs8jiKcwCmcgwdXUIc7aEALCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAWcj14=</latexit>

2pLT
# of quantum trajectories

8

The problem of post-selection

m = (m1, m2, …, mN)

tree depth N ∼ TL

#trajectories ∼ 2N

Examples of nonlinear observables: 


1) Average entanglement entropy


  


2) “Edwards-Anderson” order parameter


⟨SA⟩ = ∑
m

pmSA(ρm) ≠ 𝒪 (∑
m

ρm), ∑
m

ρm → 𝕀

∑
m

pm[tr(ρmSz
1 ⋅ Sz

L)]2

ρ

ρm

In general, there is an intrinsic difficulty in 
experimentally accessing the transition:

Nonlinear functions of the quantum trajectories 
reveal the transition; but the mixed-state density 
matrix doesn’t!

Sang, Hsieh. PRResearch 2021

<latexit sha1_base64="/vCOdRmGI75trEVISFt9l0Evb2A="></latexit>

⟨SA⟩ =
∑

m

pmSA (|ψm⟩ ⟨ψm|)

<latexit sha1_base64="v1NrTKS3A1o6vzBp3GvaGyhwA+E=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GxCrsiaiMEbSwsIuQF2RBmJ3eTIbMPZu4KYckf2PgrNhaK2Nra+TdOHoUmHrhwOOde7r3HT6TQ6DjfVm5peWV1Lb9e2Njc2t6xd/fqOk4VhxqPZayaPtMgRQQ1FCihmShgoS+h4Q9uxn7jAZQWcVTFYQLtkPUiEQjO0Egd+9iTEKAn66CQ0szzAxqOqKdEr4+eGquFq+Su2rGLTsmZgC4Sd0aKZIZKx/7yujFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkasRB0O5v8M6JHRunSIFamIqQT9fdExkKth6FvOkOGfT3vjcX/vFaKwWU7E1GSIkR8uihIJcWYjsOhXaGAoxwawrgS5lbK+0wxjibCggnBnX95kdRPS+55yb0/K5avZ3HkyQE5JCfEJRekTG5JhdQIJ4/kmbySN+vJerHerY9pa86azeyTP7A+fwDYSpvm</latexit>

∥m∥ = pLT



<latexit sha1_base64="vmv5QI9+SBCHi5Lr/diA1ZRuddU=">AAACGXicbVDLSsNAFJ34rPVVdelmsAiuSiKiLotuXEkF+4AmhMlk0g6dZMLMjVBCfsONv+LGhSIudeXfOH3go/XAwLnn3Mude4JUcA22/WktLC4tr6yW1srrG5tb25Wd3ZaWmaKsSaWQqhMQzQRPWBM4CNZJFSNxIFg7GFyO/PYdU5rL5BaGKfNi0kt4xCkBI/kV29W8FxM/575TYFcCj5nGLg0l6J/yu+e68CtVu2aPgeeJMyVVNEXDr7y7oaRZzBKggmjddewUvJwo4FSwouxmmqWEDkiPdQ1NiNno5ePLCnxolBBHUpmXAB6rvydyEms9jAPTGRPo61lvJP7ndTOIzr2cJ2kGLKGTRVEmMEg8igmHXDEKYmgIoYqbv2LaJ4pQMGGWTQjO7MnzpHVcc05rzs1JtX4xjaOE9tEBOkIOOkN1dIUaqIkoukeP6Bm9WA/Wk/VqvU1aF6zpzB76A+vjCxWjoPs=</latexit>

σi1 ⊗ · · ·⊗ σiN
<latexit sha1_base64="wU8A/RzCyFQG5b+rgYL+pZA0BmU=">AAACD3icbZDLSsNAFIYn9VbrLerSTbAoFbVkSlE3QtGNq1LBXqBJy2Q6aYdOLsxMhBL6Bm58FTcuFHHr1p1v46SNoK0/DPx85xzOnN8JGRXSNL+0zMLi0vJKdjW3tr6xuaVv7zREEHFM6jhgAW85SBBGfVKXVDLSCjlBnsNI0xleJ/XmPeGCBv6dHIXE9lDfpy7FSCrU1Q/LneopvLQc2i+UOtVjmLgj6+QHnE5BV8+bRXMiY97A1ORBqlpX/7R6AY484kvMkBBtaIbSjhGXFDMyzlmRICHCQ9QnbWV95BFhx5N7xsaBIj3DDbh6vjQm9PdEjDwhRp6jOj0kB2K2lsD/au1Iuhd2TP0wksTH00VuxAwZGEk4Ro9ygiUbKYMwp+qvBh4gjrBUEeZUCHD25HnTKBXhWRHelvOVqzSOLNgD+6AAIDgHFXADaqAOMHgAT+AFvGqP2rP2pr1PWzNaOrML/kj7+Ab/7pmA</latexit>

4N − 1 =
(
2N + 1

) (
2N − 1

)

Experimental determination of entanglement enopy (EE)  
requires quantum state tomography

The standard way: Pauli string operators

Exponential complexity II: tomography 



Highly resource- intensive quantum simulations

JM Koh et al., Nat. Phys. (2023) 

Exponential: Exponential:Polynomial:

<latexit sha1_base64="aehQnhGneUlLMckO/Lh/D8F4dmg=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZRERD0WvXgQrGA/oIlls922SzebsDtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz84JYcA2O823llpZXVtfy64WNza3tHbu429BRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDC8nfvOBKc0jeQejmPkh6Uve45SAkTp2MfUoEfhmjMvX9x4DctSxS07FmQIvEjcjJZSh1rG/vG5Ek5BJoIJo3XadGPyUKOBUsHHBSzSLCR2SPmsbKknItJ9OTx/jQ6N0cS9SpiTgqfp7IiWh1qMwMJ0hgYGe9ybif147gd65n3IZJ8AknS3qJQJDhCc54C5XjIIYGUKo4uZWTAdEEQomrYIJwZ1/eZE0jivuacW9PSlVL7I48mgfHaAyctEZqqIrVEN1RNEjekav6M16sl6sd+tj1pqzspk99AfW5w+1nZL/</latexit>

O(Lη)
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O(epLT )
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O(Lη′
eL)



Entanglement entropy & fluctuations

active spins (qubits) 
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Na

Microscopic distribution 
<latexit sha1_base64="AmCoSUfWwbdoSbg2ZlRCvCOmXKo="></latexit>

λi ∼
1

2Na

S2 = − ln
∑

i

λ2
i ∼ Na

SvN = −
∑

i

λi lnλi ∼ Na

Klich & Levitov PRL (2009)

Rachel et al., PRL (2012)

Song et al. PRB (2012)

Earlier works:




active spins (qubits) 
<latexit sha1_base64="e9+8MRliOigXqHg8rN6FpojLvQc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgacm2tba3ohdPUsHWQruUbJptQ5PskmSFsvQvePGgiFf/kDf/jdm2goo+GHi8N8PMvCDmTBuEPpzcyura+kZ+s7C1vbO7V9w/6OgoUYS2ScQj1Q2wppxJ2jbMcNqNFcUi4PQumFxm/t09VZpF8tZMY+oLPJIsZASbTLoeYDgolpCLGqjulSFyK2e1RjUjCFUaNQ96lmQogSVag+J7fxiRRFBpCMda9zwUGz/FyjDC6azQTzSNMZngEe1ZKrGg2k/nt87giVWGMIyULWngXP0+kWKh9VQEtlNgM9a/vUz8y+slJqz7KZNxYqgki0VhwqGJYPY4HDJFieFTSzBRzN4KyRgrTIyNp2BD+PoU/k86Zderud5NtdS8WMaRB0fgGJwCD5yDJrgCLdAGBIzBA3gCz45wHp0X53XRmnOWM4fgB5y3T89Mjho=</latexit>

Na

Microscopic distribution 

For a conserved extensive quantity 

<latexit sha1_base64="AmCoSUfWwbdoSbg2ZlRCvCOmXKo="></latexit>

λi ∼
1

2Na

S2 = − ln
∑

i

λ2
i ∼ Na

SvN = −
∑

i

λi lnλi ∼ Na

<latexit sha1_base64="MZxRgISTfXjYfOWHW4N5Km/wqAg="></latexit>

[Q, |Ψ⟩⟨Ψ|] = 0 , Q = QA +QB ⇒ [QA, ρA] = 0

Goldstein & Sela, PRL (2018)       
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U(1) charge preserving two-qubit unitary

Measurements (in the charge basis) also preserve the total charge

Subsystem charge fluctuations to probe entanglement?

4

FIG. 3. Chaotic dynamics through tuning the symmetry-
breaking noise. Figure displays the dynamical entangle-
ment entropy of pure states at different noise level Θ, for
p = 0.02. Here the initial state of the circuit is the absorbing
state itself, so that for Θ = 0, the dynamic is frozen and
thus SL/2(t∞) = 0. The noise term, on the other hand,
ignite the dynamics towards a volume-law entangled state
SL/2(t∞) ∝ L on a time scale which further decreases by
increasing the noise amplitude. The results are calculated for
L = 18 and 200 realizations.

can be defined as far from absorbing state with area-law
entanglement. In a more formal context, the crossover
region may be linked to the expansion of a small region
characterized by a non-absorbing area-law state in the
absence of noise, as discussed in the absence of noise by
Khemani et al. [20], into the domain noisy adaptive cir-
cuits.

To further gain quantitative insights, we study the be-
havior of the order parameter nd and charge fluctuations
density δQ2 := δQ2/δQ2

0 as a function of maximal noise
parameter Θ and p deep in the area-law phase, utilizing
a matrix-product-states approach [41, 42].

Charge-sharpening transition.— In addition to conven-
tional entanglement transitions in random unitary cir-
cuits with measurements, Haar-random unitary circuits
with global U(1) symmetry, can undergo a separate tran-
sition, coined charge-sharpening transition. In these cir-
cuits, the structure of unitaries are as follow

U j,j+1 =

⎛

⎝
eiφ00

U2×2
eiφ11

⎞

⎠ , (4)

possessing a charge conservation as described by the sym-
metry operator

ΠU(1) = diag(0, 1, 1, 2). (5)

In this setup, an initial state prepared in an equal su-
perposition of all possible charge sectors ⊗L

i=1 |±⟩i, with
|±⟩ = 1/

√
2 (|1⟩ ± |0⟩), eventually collapses to a single

charge sector under the charge-conserving dynamics. Al-
ternatively, this process can be seen as a dynamical pu-
rification of the state’s number entropy [43]. Notably
this takes place inside the volume-law phase such that
p# < pc. To observe this transition, one can track
the behavior of the averaged total charge fluctuations
δQ2 = ⟨Q2⟩ − ⟨Q⟩2, which behaves as an order parame-
ter. In the charge-sharp phase p > p#, in the long-time
limit we have δQ2 = 0, whereas in the charge-fuzzy phase
p < p#, we get δQ2 > 0 with a diverging size-dependent
time-scale []. While the dynamical exponent of both the
entanglement and sharpening transition is the same, they
belong to different class of transitions as they have dis-
tinct correlation exponents []. For our choice of initial
state, the initial value of fluctuations is δQ2

0 = L/4, which
is also close to the the maximal value of the fluctuations
for a fully random volume-law steady-state spread over
different charge sectors (?). As we are mostly interested
in the p ≫ pc regime, it is more natural to work with
the quantity δQ2 := δQ2/δQ2

0, which is normalized to
approximately fall into the interval [0, 1].

An example of non-adaptive symmetric monitored
quantum circuit is U(1) charge conserving model which
exhibit charge-sharpening phase transition in addition
to the entanglement phase transition. The charge-sharp
phase occurs when the system dynamics purifies its to one
charge sector while still being mixed within the charge
sector and even having volume-law entanglement [].

Discussion.—

I. POTENTIAL RESULTS

1. Variation of fluctuations and order parameter in
the absorbing-state phase as a function of the mea-
surement rate p and the noise amplitude ∆θ.

2. Try a theoretical explanation for the above results
assuming maximal noise effect (all spins are rotated
by the maximal noise amplitude ∆θ ).

3. The entanglement we see in volume-law phase is
based on postselection assumption so it provides
an upper bound to the extractable entanglement. In
practice, the entanglement we can extract from the
system is will be lower and should be obtained from
proper entanglement measures for mixed states,
such as negativity.

4. We should try to also study time dependence of
fluctuations and order parameter in the absorbing-
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Exponential shortcut to measurement-induced entanglement phase transitions
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Recently discovered measurement-induced entanglement phase transitions in monitored quantum
circuits provide a novel example of far-from-equilibrium quantum criticality. Here, we propose a
highly efficient strategy for experimentally accessing these transitions through fluctuations. Instead
of directly measuring entanglement entropy, which requires an exponential number of measure-
ments in the subsystem size, our method provides a scalable approach to entanglement transitions
in the presence of conserved quantities. In analogy to entanglement entropy and mutual informa-
tion, we illustrate how bipartite and multipartite fluctuations can both be employed to analyze the
measurement-induced criticality. Remarkably, the phase transition can be revealed by measuring
fluctuations of only a handful of qubits.

Introduction.—Entanglement is not only the most
counterintuitive feature of quantum mechanics but also
serves as the key resource of quantum information and
the cornerstone of quantum technologies [1, 2]. Intrigu-
ingly, in isolated many-body systems that are in an ex-
cited state or driven under unitary dynamics, we typi-
cally find an abundance of entanglement [3–6]. In fact,
starting from a state with no or low entanglement, uni-
tary quantum dynamics governed by a generic many-
body Hamiltonian inevitably generates entanglement. As
a consequence, the system approaches a highly entan-
gled state in which the entanglement entropy of a given
subsystem scales with the subsystem volume, in sharp
contrast to the area-law behavior typical of the ground
states of many-body systems. This phenomenon is best
illustrated in random quantum circuits where the succes-
sive application of local unitary gates gives rise to linear
growth in entanglement [7].

Quite recently, it has been found that the interplay
between local measurements and unitary dynamics in
monitored quantum circuits results in a critical behavior
where, at a certain measurement rate p = pc, a transition
from volume- to area-law entanglement takes place [8–
39]. Experimental endeavors have shown that observing
this measurement-induced phase transition in quantum
circuits can be challenging, as probing entanglement dy-
namics requires elaborate measurement setups [40, 41].
A fundamental impediment is that characterizing entan-
glement entropy through quantum-state tomography is,
as a task, exponentially hard in the subsystem size, and
hence, in practice, limited to only few qubits in real ex-
periments [42–45].

In this letter, we propose a scalable method to
probe the entanglement dynamics and the measurement-
induced phase transition. This approach is motivated by
the recently argued general connection between the scal-
ing laws of entanglement entropies and variances of con-
served extensive observables [46]. Measuring variances,
in contrast to the entanglement entropy, does not require
a number of measurements exponential in the subsystem

FIG. 1. Schematic of the quantum circuit and its parti-
tioning. In (a) each brick indicates a two-qubit unitary gate
which are random under the charge-conservation constraint.
Small circles represent single-qubit projective measurement
of sz with red/blue colors corresponding to different mea-
surement outcomes. (b) illustrates bi-partitioning of the sys-
tem (grey circle) used to obtain entanglement entropy and
spin variance of a subsystem. Similarly, (c) and (d) show the
multi-partitioning of the circuit used to find mutual informa-
tion and fluctuations between two subsystems indicated with
thick blue lines. In (b) and (c) the circuit features periodic
boundary conditions, while (d) corresponds to open boundary
conditions removing the unitary gate connecting edges at the
end of each half-cycle. (e) Time evolution of entanglement
entropy and spin variance in a system with L = 16 qubits
and Ls = 8 at different measurement rates. The solid lines
show the results for a single trajectory while the dashed lines
correspond to averaged result over 100 random trajectories,
with the shaded regions representing the standard deviation
around the average.

size. Considering a random quantum circuit with U(1)
charge conserving two-qubit gates, schematically shown
in Fig. 1, we demonstrate the equivalent behavior of the
entanglement entropy and the variances in transient and
steady states. Furthermore, we generalize previous ideas
connecting bipartite entropies and fluctuations to mul-
tipartite systems. We demonstrate that, instead of the
entanglement entropy and mutual information, entangle-
ment phase transitions in systems with conserved quan-
tities can equally well be analyzed through bipartite and

U(1)-symmetric monitored quantum dynamics
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multipartite fluctuations.
Monitored quantum circuits.—Our model consist of

a prototypical quantum circuit containing L qubits
(or equivalently L spin-1/2 states) arranged in a one-
dimensional chain. At each discrete time step, we per-
form a unitary evolution followed by set of random local
measurements. Unitary transformations are assumed to
be decomposed in terms of pairwise local two-qubit uni-
tary operators each acting on neighboring qubits. The
decomposition is staggered in time such that two-qubit
gates at even and odd time steps act on even and odd
links between neighbors, respectively, as depicted dia-
grammatically in Fig. 1. Therefore, we can consider two
successive time steps as one full cycle t. In the absence of
measurement, it is represented by the unitary operator

U(t) =
∏

odd n

Un,n+1(2t− 1)
∏

even n

Un,n+1(2t) (1)

where Un,n+1(τ) is a two-qubit unitary acting on neigh-
boring qubits (at positions n and n+1) at time step τ =
2t or 2t − 1. To guarantee the U(1) charge-conservation
(or, equivalently, the conservation of the total spin z-
component), these unitary gates are decomposed as

Un,n+1 =

⎛

⎝
eiϕ00

eiϕ11

U2×2

⎞

⎠ (2)

in the basis {|00⟩, |11⟩ , |01⟩ , |10⟩}. Here, U2×2 is a
generic 2 × 2 unitary matrix constituting of four inde-
pendent phases [47]. At each time step and for each pair
of qubits, we select a two-qubit random unitary Un,n+1

by picking up all six phases that parameterize it from a
uniform random distribution.

As illustrated in Fig. 1(a), the circuit dynamics is ac-
companied by set of single-qubit measurement of ran-
domly chosen qubits at the end of each half-cycle. The
measurement rate p is defined such that at the end of
each half cycle, each site has the probability p of being
measured. Hence, on average a fraction p of all sites will
be measured by the end of each half cycle. Obviously,
measurements make the full dynamics non-unitary and
inherently probabilistic. Concentrating only on single-
qubit projective measurements, the wavefunction ran-
domly collapses to an eigenstate of the corresponding
single-qubit observable. The collapse is described by

|Ψ⟩ → 1

∥Pn,α |Ψ⟩∥Pn,α |Ψ⟩ (3)

with projectors Pn,α acting on the qubit n and satisfy-
ing normalization

∑
α Px,α = I. We focus on the case

of measuring the z-component of the spin of the qubit
whereby the projectors are given by Pn,± =

(
I± sn,z

)
/2.

Each particular set of possible outcomes for the measure-
ments corresponds to a single quantum trajectory, which
always remains a pure state.

FIG. 2. Equivalence of entanglement entropy and subsystem
spin variance in monitored quantum circuits. (a) shows the
averaged stationary value of entanglement entropy for half-
sized subsystems (Ls = L/2) as functions of the measurement
rate p for different systems sizes L. (b) shows the same result
in a finite-size scaling form where we see data collapse for
entanglement entropy of different system sizes. (c) shows the
corresponding result for the spin variance (d) also shows data
collapse for the spin variance. Insets of (a) and (c) show the
time evolution of entanglement entropy and spin variance for
a single quantum trajectory at two different p’s. We observe
indistinguishably similar behavior for entanglement entropy
and spin variance as a function of measurement rate and also
in their time evolution even at the level of a (unaveraged)
single trajectory. The averages are taken over 100 full cycles
from t = 100 to 200 (denoted in gray in the insets), and over
N = 240, 300, 450, 600 different realizations depending on the
length L = 20, 16, 12, 8,respectively.

Using the instructions explained above, we can numer-
ically evaluate the time evolution of full wavefunction of
the quantum circuit for a given measurement rate. Then,
from the wavefunction we can calculate entanglement en-
tropy, variances, mutual information and mutual fluctua-
tions in bipartite and multipartite settings, respectively,
as schematically shown in Fig. 1 (b-d). The dynamics in-
volves three independent sources of randomness: in the
unitaries, in choosing the measured qubits, and in the
sets of measurement outcomes. Accordingly, the expec-
tation values of different quantities can be obtained by
taking their averages over all these forms of randomness.

Entanglement/fluctuation equivalence.—To study the
entanglement dynamics of the above model, we choose
the initial state |Ψ⟩ = |↑↓↑↓ · · · ↑↓⟩, which, due to
conservation, fixes the total spin z to Sz = 0 for all
times. The entanglement phase transitions are defined
in terms of the scaling behavior of the entanglement en-
tropy as a function of subsystem length Ls. This be-
havior does not depend on any particular definition of
entropy, and here we focus on the von Neumann entropy

AGM, Pöyhönen, Ojanen, PRL (2023)

U(1)-symmetric monitored quantum dynamics



<latexit sha1_base64="lseDt4kDxbJcyTmU+KzpFqpGMdo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1whZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD+pSP3w==</latexit>

(a)
<latexit sha1_base64="G0Tk01B3rGn50Z3CsZmXgCaNFQI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1wJzya9UtmrejPgZeLnpAw56r3SV7cf01QyZakgxnR8L7FBRrTlVLBJsZsalhA6IgPWcVQRyUyQzQ6e4FOn9HEUa1fK4pn6eyIj0pixDF2nJHZoFr2p+J/XSW10HWRcJallis4XRanANsbT73Gfa0atGDtCqObuVkyHRBNqXUZFF4K/+PIyaZ5X/cuqf39Rrt3kcRTgGE6gAj5cQQ3uoA4NoCDhGV7hDWn0gt7Rx7x1BeUzR/AH6PMH/BqP4A==</latexit>

(b)

<latexit sha1_base64="af1zzSwlm8iDv9o6Wnq0wM28knA=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeiF48V7Ie0S8mm2TY0yS5JVihLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj1lXS1yhZ5NeqexVvRnwMvFzUoYc9V7pq9uPaSqZslQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOKqIZCbIZgdP8KlT+jiKtStl8Uz9PZERacxYhq5TEjs0i95U/M/rpDa6DjKuktQyReeLolRgG+Pp97jPNaNWjB0hVHN3K6ZDogm1LqOiC8FffHmZNM+r/mXVv78o127yOApwDCdQAR+uoAZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkD/aCP4Q==</latexit>

(c)

<latexit sha1_base64="qdypOXGDmwA01D/ZWSZmV407PWQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUSPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB3BGM+g==</latexit>p

<latexit sha1_base64="ZieU1A3JHsmMVFrptaoD204iz8o=">AAACDnicbVDLSsNAFJ3UV62vqks3g6XgQksSio+FUHTjQqSifWBTw2Q6aYdOJmFmUiihX+DGX3HjQhG3rt35N07bLLR64MLhnHu59x4vYlQq0/wyMnPzC4tL2eXcyura+kZ+c6suw1hgUsMhC0XTQ5IwyklNUcVIMxIEBR4jDa9/PvYbAyIkDfmtGkakHaAupz7FSGnJzRdv3GRwNYKn0HYYt519p0OYQvc2vHOTS1eODszSSdnNF8ySOQH8S6yUFECKqpv/dDohjgPCFWZIypZlRqqdIKEoZmSUc2JJIoT7qEtamnIUENlOJu+MYFErHeiHQhdXcKL+nEhQIOUw8HRngFRPznpj8T+vFSv/uJ1QHsWKcDxd5McMqhCOs4EdKghWbKgJwoLqWyHuIYGw0gnmdAjW7Mt/Sd0uWYcl67pcqJylcWTBDtgFe8ACR6ACLkAV1AAGD+AJvIBX49F4Nt6M92lrxkhntsEvGB/fz1SaDQ==</latexit>

SvN = 2 ln 2 δ2ZLs − 0.94

<latexit sha1_base64="IJocH+a+eYi6rOTce+PfFfjaZQw=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhYSkiI+FUHTjQqSifWATw2Q6aYdOHsxMCiVk6cZfceNCEbd+gjv/xmmbhVYPXDiccy/33uPFjAppml9aYWZ2bn6huFhaWl5ZXdPXNxoiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6fXPR35zQLigUXgrhzFxAtQNqU8xkkpy9e0bNx1cZfAUmsZJxd63O4RJdF+Bd2566YrM1cumYY4B/xIrJ2WQo+bqn3YnwklAQokZEqJtmbF0UsQlxYxkJTsRJEa4j7qkrWiIAiKcdPxIBneV0oF+xFWFEo7VnxMpCoQYBp7qDJDsiWlvJP7ntRPpHzspDeNEkhBPFvkJgzKCo1Rgh3KCJRsqgjCn6laIe4gjLFV2JRWCNf3yX9KoGNahYV0flKtneRxFsAV2wB6wwBGoggtQA3WAwQN4Ai/gVXvUnrU37X3SWtDymU3wC9rHN+6vmAg=</latexit>
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δ2ZLs

Full reconstruction of EE from charge variance



Adaptive steering to avoid postselection
w/o postselection we get highly mixed states 

 
<latexit sha1_base64="pp25lnBZN4Uln+5TSgq9YJYrOA8="></latexit>

SLs |no PS = SLs

(
∑

m

pm |ψm⟩ ⟨ψm|
)

≡ SLs(ρ̄) ∝ |Ls|

<latexit sha1_base64="VsCqIBcokM8KJXUV4JWdeet927Y="></latexit>

δ2ZLs |no PS = δ2ZLs(ρ̄) ∝ |Ls|

p independent



Adaptive steering to avoid postselection

Pöyhönen, AGM, Ivaki, Ojanen, arXiv:2406.19052

w/o postselection we get highly mixed states 
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δ2ZLs |no PS = δ2ZLs(ρ̄) ∝ |Ls|

p independent



Applying corrective local feedbacks to steer towards the trajectory 

 <latexit sha1_base64="cEeMawkJR6kYUNdAIIUt64fCLKs="></latexit>

ρ̄
steering−−−−−→ ρm =

1

Ns

∑

i

∣∣Ψm′
i→m

〉 〈
Ψm′

i→m

∣∣

<latexit sha1_base64="8K2EEeqpY6wJiqbUFuGc6vfN8M4="></latexit>

ρ̃ZL=cte
m =

1

NZL

′∑

i

∣∣Ψm′
i→m

〉 〈
Ψm′

i→m

∣∣
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⇒ δ2ZLs
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⇒ δ2Z(0)
Ls
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δ2Z̃(0)
Ls

= δ2Z(0)
Ls

− cV (p) [Ls − 2]Removing parasitic volume-law: 

 
Gluing area-and volume-law parts: 
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FIG. 4. Extracting postselected quantities and entanglement phase transitions from steered ensembles. a,
Subsystem charge fluctuations as a function of the measurement rate for 15×1000 target trajectories (see Methods for details).
Comparison of postselected data (dotted line) with the value obtained from the full steered ensemble δ2Z∀ZL

Ls
and the ZL = 0

sector value δ2Z(0)
Ls

for system size L = 16. b, Comparison of the postselected and the ZL = 0 sector fluctuations for system
lengths 8, 12, 16, illustrating the parasitic volume contribution in the regime which for postselected data obeys the area law. c,
Postselected data at L = 16 compared to both δ2ZZL=0

Ls
, which is a good approximation for low p, and to the area-law corrected

term δ2ZZL=0
Ls

− cV (p) which is a good approximation at high p. Around pc, shown as a vertical line, they each deviate from
the postselected value. d, Scaling collapse of the ZL = 0 sector fluctuations, which exhibit criticality with the same pc and ν
as the postselected fluctuations. e, Comparison of postselected fluctuations (dotted lines) and the effective fluctuations (solid
lines) obtained through Eq. (4) for system lengths L = 8, 12, 16. For the clarity, odd subsystem lengths have been excluded;
the match is equally good for those. f, Scaling collapse of the effective fluctuation data from e, compared to the scaling collapse
curves for the postselected data.

asitic volume-law coefficient

cV (p) ≡
(
δ2Z(0)

Ls=2k − δ2Z(0)
Ls=2k−1

)
/2 (3)

for arbitrary integer k ≥ 1, one obtains an excellent ap-
proximation of the postselected fluctuations also in the
area-law regime. Now since postselected fluctuations can

be straightforwardly obtained from δ2Z(0)
Ls

, it can be ex-
pected to exhibit critical behaviour at the same pc as the
postselected fluctuations and, hence, the entanglement
entropy. Indeed, as highlighted in steps 5.-6. and illus-
trated in Fig. 4d, the transition can be observed by col-

lapsing δ2Z(0)
Ls

with the single-parameter scaling Ansatz

F (p, L) − F (pc, L) = F̃
[
(p− pc)L1/ν

]
, enabling extrac-

tion of the critical rate pc and the critical exponent ν
directly from experimentally obtainable data. In practice,
one can carry out the scaling analysis before reconstruct-
ing the postselected quantities, as indicated in Fig. 3.
Finally, as stated in step 8.(ii), the separate approxi-
mations for the postselected charge fluctuations in the
volume-law and area-law phases can be combined into

an effective charge fluctuation

δ2Zeff
Ls

= δ2Z(0)
Ls

− g(p) cV (p)[Ls − 2], (4)

where g(p) is a smooth step-like function interpolating
between 0 (for p ≪ pc) and 1 (for p ≫ pc). As the
volume-law and area-law asymptotes separately exhibit
the same scaling around pc, it is natural to expect that
the the transition from one functional form to other is
also controlled by the scaling variable. Thus, the func-
tion g(p) should be of the form g(p) = G[(p − pc)L1/ν ],
where G(x) is a smooth unit-step function centered at
x = 0. This determines the width of the transition,
which approaches zero in the thermodynamic limit, and
fixes g(p) apart from tiny deformations. One of the most
obvious candidates, G(x) = (tanhx + 1)/2, leads to the
δ2Zeff

Ls
in Fig. 4e-f, which very accurately follows the post-

selected fluctuations in the whole p range. With this
result, an accurate reconstruction of the whole entangle-
ment entropy curve can be straightforwardly obtained by
employing the simple relationship between postselected
fluctuations and entropy, as depicted in Fig. 1c. As dis-
cussed in Sec. IV in SI, the steering protocol replaces the
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g(p) = G
[
(p− pc)L

1/ν
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G(x) = fFD(−x)
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proximation of the postselected fluctuations also in the
area-law regime. Now since postselected fluctuations can

be straightforwardly obtained from δ2Z(0)
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, it can be ex-
pected to exhibit critical behaviour at the same pc as the
postselected fluctuations and, hence, the entanglement
entropy. Indeed, as highlighted in steps 5.-6. and illus-
trated in Fig. 4d, the transition can be observed by col-
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with the single-parameter scaling Ansatz
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, enabling extrac-

tion of the critical rate pc and the critical exponent ν
directly from experimentally obtainable data. In practice,
one can carry out the scaling analysis before reconstruct-
ing the postselected quantities, as indicated in Fig. 3.
Finally, as stated in step 8.(ii), the separate approxi-
mations for the postselected charge fluctuations in the
volume-law and area-law phases can be combined into

an effective charge fluctuation

δ2Zeff
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= δ2Z(0)
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where g(p) is a smooth step-like function interpolating
between 0 (for p ≪ pc) and 1 (for p ≫ pc). As the
volume-law and area-law asymptotes separately exhibit
the same scaling around pc, it is natural to expect that
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also controlled by the scaling variable. Thus, the func-
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which approaches zero in the thermodynamic limit, and
fixes g(p) apart from tiny deformations. One of the most
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Single-parameter scaling ansatz:

Similar scaling for the corrected & uncorrected fluctuations (no theory input)

Pöyhönen, AGM, Ivaki, Ojanen, arXiv:2406.19052



<latexit sha1_base64="+Mw80FyR4iRbyqpESjCyXWaZRak="></latexit>

2. Steering : Run by steering outcomes m′
i → m

<latexit sha1_base64="EFqKoLdnlNymMECa0ARUVJkcD5s="></latexit>

1. Target : Run circuit and record outcomes m
<latexit sha1_base64="DTOiDHdD7qH/wZ0mPvxB5hsSF5M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbp0swm7E6GU/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprxlsslanuhtRwKRRvoUDJu5nmNAkl74Sju5nfeeLaiFQ94jjjQUJjJSLBKFqp44cijv1pv1pz6+4cZJV4BalBgWa/+uUPUpYnXCGT1Jie52YYTKhGwSSfVvzc8IyyEY15z1JFE26CyfzcKTmzyoBEqbalkMzV3xMTmhgzTkLbmVAcmmVvJv7n9XKMboKJUFmOXLHFoiiXBFMy+50MhOYM5dgSyrSwtxI2pJoytAlVbAje8surpH1R967q3sNlrXFbxFGGEziFc/DgGhpwD01oAYMRPMMrvDmZ8+K8Ox+L1pJTzBzDHzifP1hfj5Q=</latexit>}

<latexit sha1_base64="SdxeElZwR3KVMkjPrTUXuZAuD50=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KomIeix68VjFfkAbymY7aZfuJnF3Uiihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDIa3U785Am1EHD3iOAFfsX4kQsEZWsmnWUcr+gAJMJx0S2W34s5Al4mXkzLJUeuWvjq9mKcKIuSSGdP23AT9jGkUXMKk2EkNJIwPWR/alkZMgfGz2dETemqVHg1jbStCOlN/T2RMGTNWge1UDAdm0ZuK/3ntFMNrPxNRkiJEfL4oTCXFmE4ToD2hgaMcW8K4FvZWygdMM442p6INwVt8eZk0ziveZcW7vyhXb/I4CuSYnJAz4pErUiV3pEbqhJMn8kxeyZszcl6cd+dj3rri5DNH5A+czx9aEZHW</latexit>

Repeat<latexit sha1_base64="SdxeElZwR3KVMkjPrTUXuZAuD50=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KomIeix68VjFfkAbymY7aZfuJnF3Uiihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDIa3U785Am1EHD3iOAFfsX4kQsEZWsmnWUcr+gAJMJx0S2W34s5Al4mXkzLJUeuWvjq9mKcKIuSSGdP23AT9jGkUXMKk2EkNJIwPWR/alkZMgfGz2dETemqVHg1jbStCOlN/T2RMGTNWge1UDAdm0ZuK/3ntFMNrPxNRkiJEfL4oTCXFmE4ToD2hgaMcW8K4FvZWygdMM442p6INwVt8eZk0ziveZcW7vyhXb/I4CuSYnJAz4pErUiV3pEbqhJMn8kxeyZszcl6cd+dj3rri5DNH5A+czx9aEZHW</latexit>

Repeat

Data collection

<latexit sha1_base64="O8lWxCHdy/vqzGaBoSVLTNNNy6I="></latexit>

3. Charge measurement : All qubits at tf

- + - + - - + - -2 -2
+ - + + - + - - 0 -2
- + + - + - + + 2 2

<latexit sha1_base64="jxcA/fQEg3Wgoy1pnQHw3kZSHGY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiwcPFewHtqFstpt26e4m7G6EEPoXvHhQxKt/yJv/xk2bg7Y+GHi8N8PMvCDmTBvX/XZKK6tr6xvlzcrW9s7uXnX/oK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnJ/c4TVZpF8sGkMfUFHkkWMoJNLqHHwd2gWnPr7gxomXgFqUGB5qD61R9GJBFUGsKx1j3PjY2fYWUY4XRa6SeaxphM8Ij2LJVYUO1ns1un6MQqQxRGypY0aKb+nsiw0DoVge0U2Iz1opeL/3m9xIRXfsZknBgqyXxRmHBkIpQ/joZMUWJ4agkmitlbERljhYmx8VRsCN7iy8ukfVb3Lure/XmtcV3EUYYjOIZT8OASGnALTWgBgTE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fXqiNzQ==</latexit>

ZL
<latexit sha1_base64="6ixalqQgVUuB/pryHBimHlze+uU=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFTJtbFwW3bhwUcHaYhvCZDpph04mcWYilNCfcONCEbf+jjv/xulDUNEDFw7n3Mu994QpZ0o7zodVWFpeWV0rrpc2Nre2d8q7ezcqySShLZLwRHZCrChngrY005x2UklxHHLaDkfnU799T6ViibjW45T6MR4IFjGCtZE68DbILwM1CcoVx67VkOfWoSEn1ZqLDPGQh1wXItuZoQIWaAbl914/IVlMhSYcK9VFTqr9HEvNCKeTUi9TNMVkhAe0a6jAMVV+Prt3Ao+M0odRIk0JDWfq94kcx0qN49B0xlgP1W9vKv7ldTMdnfo5E2mmqSDzRVHGoU7g9HnYZ5ISzceGYCKZuRWSIZaYaBNRyYTw9Sn8n9xUbVS30ZVbaZwt4iiCA3AIjgECHmiAC9AELUAABw/gCTxbd9aj9WK9zlsL1mJmH/yA9fYJD6qQAQ==</latexit>

ZLs

<latexit sha1_base64="etxfFIAobHk9bAbwnYGzOMhDeno=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0EqtHo0Umn6l6tW8Gdxl4hekCgUa/cpXL1I0S5hEKogxXd9LMciJRk4Fm5R7mWEpoSMyYF1LJUmYCfLZtRP31CqRGyttS6I7U39P5CQxZpyEtjMhODSL3lT8z+tmGF8HOZdphkzS+aI4Ey4qd/q6G3HNKIqxJYRqbm916ZBoQtEGVLYh+IsvL5PWec2/rPn3F9X6TRFHCY7hBM7Ahyuowx00oAkUHuEZXuHNUc6L8+58zFtXnGLmCP7A+fwBsE+PNQ==</latexit> ··
·

<latexit sha1_base64="5HpCjAMew2uVltiE6GCp/w3yVus="></latexit>

4. Fluctuations (δ2ZLs) :

Compute using runs with ZL = 0.

<latexit sha1_base64="5XudqFkcjs7iqtfKTI4zYFNtZPE=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCp5KIqMeiF09SwX5AE8Jmu22XbjZhdyOUEL34V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLww4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7xIpyJmhDM81pO5EURyGnrXB4NfZb91QqFos7PUqoH+G+YD1GsDZSYO9nHsEc3eRBpvIHlHkyQppFVOWBXXGqzgRonrgFqUCBemB/ed2YpBEVmnCsVMd1Eu1nWGpGOM3LXqpogskQ92nHUIHNFj+bvJCjI6N0US+WpoRGE/X3RIYjpUZRaDojrAdq1huL/3mdVPcu/IyJJNVUkOmiXsqRjtE4D9RlkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmidV96zq3p5WapdFHCU4gEM4BhfOoQbXUIcGEHiEZ3iFN+vJerHerY9p64JVzOzBH1ifP3VKl3o=</latexit>

Ns times
<latexit sha1_base64="W0CEe3dIy3fjyLdysUoPv94qSJg=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KIqMeiF09SwX5AE8Jmu22XbjZhdyKUEL34V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwwEVyD43xbC4tLyyurpbXy+sbm1ra9s9vUcaooa9BYxKodEs0El6wBHARrJ4qRKBSsFQ6vxn7rninNY3kHo4T5EelL3uOUgJECez/zKBH4Jg8yyB9w5qkIA4+YzgO74lSdCfA8cQtSQQXqgf3ldWOaRkwCFUTrjusk4GdEAaeC5WUv1SwhdEj6rGOoJGaLn01eyPGRUbq4FytTEvBE/T2RkUjrURSazojAQM96Y/E/r5NC78LPuExSYJJOF/VSgSHG4zxwlytGQYwMIVRxcyumA6IIBZNa2YTgzr48T5onVfes6t6eVmqXRRwldIAO0TFy0TmqoWtURw1E0SN6Rq/ozXqyXqx362PaumAVM3voD6zPH3bcl3s=</latexit>

Nt times

Obtaining critical parameters 

Reconstructing (post-selected) quantities 

<latexit sha1_base64="WikpFgtkA3QhTWqvDvnq/+qpLMQ=">AAACEHicbVC7TsMwFHV4lvAKMLJYVAimKEEIKqYKFsYi0YfURpXjOq1VO45sB6mK2j9g4VdYGECIlZGNv8FpM0DLkSwdnXPPte4JE0aV9rxva2l5ZXVtvbRhb25t7+w6e/sNJVKJSR0LJmQrRIowGpO6ppqRViIJ4iEjzXB4k/vNByIVFfG9HiUk4Kgf04hipI3UdU5su+LCSdYJI1hDEimqKZ5oIvlEcKry3BhCeNV1yp7rTQEXiV+QMihQ6zpfnZ7AKSexxgwp1fa9RAcZkmY/I2O7kyqSIDxEfdI2NEacqCCbHjSGx0bpwUhI82INp+rvRIa4UiMemkmO9EDNe7n4n9dOdVQJMhonqSYxnn0UpQxqAfN2YI9KgjUbGYKwzLuAeGBqwaYRZZsS/PmTF0njzPUvXP/uvFy9LuoogUNwBE6BDy5BFdyCGqgDDB7BM3gFb9aT9WK9Wx+z0SWryByAP7A+fwDolpvq</latexit>

8. Parasitic term omission :
<latexit sha1_base64="kgH48+98KRpIzd9yhlCOw0TU+zY="></latexit>

(i) for p > pc subtract cV (p) from avg. fluctuations
<latexit sha1_base64="U1qA1ben7J2bBjmEjtevgjeZrU4="></latexit>

(ii) Glue results for p > pc and p < pc by interpolated subtraction)

<latexit sha1_base64="cU1Dnnpvc/irpB2H8GG4HcHQSLE="></latexit>

5. δ2Z(0)
Ls

: Averaged over many target trajectories results
<latexit sha1_base64="IK5EzaC4h3Av4UBY62WUlGkuFAE="></latexit>

6. Scaling : Find pc, ν by collapsing δ2Z(0)
Ls

for different length

<latexit sha1_base64="wpi8RC5+/tLWHsCtCRW80zkFwJA="></latexit>

7. Parasitic term extraction : cV (p) = (δ2Z(0)
Ls=2k − δ2Z(0)

Ls=2k−1)/2
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FIG. 8. Charge distribution of the steered ensemble. Stationary probability distributions of the total U(1) charge ZL

from over 5000 target trajectories with 5000 steered trajectories each for L = 12 at probabilities a: p = 0.05, b: p = 0.145 and
c: p = 0.5 respectively. For comparison, Fig. a also illustrates the fully random distribution where all microstates have equal
probability.

Now, the first term in the R.H.S. of Eq. (30) can
be written as the following sum over separate random
variables

∑n
i yi =

∑n
i x

2
i where we have substituted

(Zi − ⟨Z⟩∞)/
√

δ2∞Z = xi. Assuming Zi being derived
from a Gaussian statistics, then xi have a simple Gaus-
sian distribution form

p(x) =
1√
2π

e−x2/2, (32)

as we have already subtracted the mean and then scaled
with the standard deviation. Using the central limit the-
orem, we can see that the same holds for the second
term in the R.H.S. of Eq. (30) meaning that xn+1 =
(⟨Z⟩I − ⟨Z⟩∞)/

√
δ2∞Z/n has a Gaussian distribution as

well. As a result, the statistics of YI follows from that of
a random variable

Y =
n∑

i

yi − yn+1 =
n∑

i

x2
i − x2

n+1. (33)

The lemma 1 introduced below shows that each yi above
follows a χ2-distribution whose variances are δ2yi = 2.
Now treating different yi’s as independent, using Lemma
2 the variance of Y is found to be 2(n− 1).

Finally, by restoring n = NZL=0, we find the variance
of charge fluctuations is

δ2
(
δ2Z

)
∼ 2

NZL=0

(
δ2∞Z

)2
, (34)

which requires NZL=0 >
(
δ2∞Z

)2
(2/ϵ) in order to have

δ2
(
δ2Z

)
< ϵ. This gives a lower limit to the number of

successful steering runs required to estimate the variance
up to an error ϵ. Using the approximate value for the
success fraction from Eq. (27), we would need

Ns !
√
L

ϵ

(
δ2∞Z

)2 ∼ L5/2

ϵ
(35)

which follows from the fact that the variance of the
steered ensemble exhibits the volume-law scaling δ2∞Z ∝
L.

A. Lemma 1

The square of a random variable with normalized
Gaussian distribution

p(x) =
1√
2π

e−x2/2. (36)

is given by χ2-distribution with one degree of freedom.
Proof.—Since y = x2, we can have two different

branches for x in terms of y which are simply x1 =
√
y

and x2 = −√
y from which we can calculate the proba-

bility distribution of y as

p̃(y) =
∑

i

[
p(x)|dx

dy
|
]

x=xi(y)

=
p(
√
y)

√
y

=
e−y/2

√
2πy

, (37)

which completes the proof. The cumulant generating
function for y = x2 can be also calculated as below

Ky(θ) = ln⟨eθy⟩ = ln

∫
dy p(y)eθy

= ln

∫
dy

1√
2π y

e−y/2eθy = ln
[
(1− 2θ)−1/2

]
,

(38)

from which we find the mean and variance to be ⟨y⟩ = 1,
and δ2y = 2, respectively.

B. Lemma 2

The cumulants of sum of independent random vari-
ables are given by the sum of the corresponding cumu-
lants for each of those random variables. A special yet
interesting case is obviously for the second cumulant as
it gives the variance.
Proof.— We show a similar statement is valid for the

cumulant generating function and then derive it for the
cumulants as they are given by n-th derivatives of the
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Now, the first term in the R.H.S. of Eq. (30) can
be written as the following sum over separate random
variables

∑n
i yi =

∑n
i x

2
i where we have substituted

(Zi − ⟨Z⟩∞)/
√

δ2∞Z = xi. Assuming Zi being derived
from a Gaussian statistics, then xi have a simple Gaus-
sian distribution form

p(x) =
1√
2π

e−x2/2, (32)

as we have already subtracted the mean and then scaled
with the standard deviation. Using the central limit the-
orem, we can see that the same holds for the second
term in the R.H.S. of Eq. (30) meaning that xn+1 =
(⟨Z⟩I − ⟨Z⟩∞)/

√
δ2∞Z/n has a Gaussian distribution as

well. As a result, the statistics of YI follows from that of
a random variable

Y =
n∑

i

yi − yn+1 =
n∑

i

x2
i − x2

n+1. (33)

The lemma 1 introduced below shows that each yi above
follows a χ2-distribution whose variances are δ2yi = 2.
Now treating different yi’s as independent, using Lemma
2 the variance of Y is found to be 2(n− 1).

Finally, by restoring n = NZL=0, we find the variance
of charge fluctuations is

δ2
(
δ2Z

)
∼ 2

NZL=0

(
δ2∞Z

)2
, (34)

which requires NZL=0 >
(
δ2∞Z

)2
(2/ϵ) in order to have

δ2
(
δ2Z

)
< ϵ. This gives a lower limit to the number of

successful steering runs required to estimate the variance
up to an error ϵ. Using the approximate value for the
success fraction from Eq. (27), we would need

Ns !
√
L

ϵ

(
δ2∞Z

)2 ∼ L5/2

ϵ
(35)

which follows from the fact that the variance of the
steered ensemble exhibits the volume-law scaling δ2∞Z ∝
L.

A. Lemma 1

The square of a random variable with normalized
Gaussian distribution

p(x) =
1√
2π

e−x2/2. (36)

is given by χ2-distribution with one degree of freedom.
Proof.—Since y = x2, we can have two different

branches for x in terms of y which are simply x1 =
√
y

and x2 = −√
y from which we can calculate the proba-

bility distribution of y as

p̃(y) =
∑

i

[
p(x)|dx

dy
|
]

x=xi(y)

=
p(
√
y)

√
y

=
e−y/2

√
2πy

, (37)

which completes the proof. The cumulant generating
function for y = x2 can be also calculated as below

Ky(θ) = ln⟨eθy⟩ = ln

∫
dy p(y)eθy

= ln

∫
dy

1√
2π y

e−y/2eθy = ln
[
(1− 2θ)−1/2

]
,

(38)

from which we find the mean and variance to be ⟨y⟩ = 1,
and δ2y = 2, respectively.

B. Lemma 2

The cumulants of sum of independent random vari-
ables are given by the sum of the corresponding cumu-
lants for each of those random variables. A special yet
interesting case is obviously for the second cumulant as
it gives the variance.
Proof.— We show a similar statement is valid for the

cumulant generating function and then derive it for the
cumulants as they are given by n-th derivatives of the
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Now, the first term in the R.H.S. of Eq. (30) can
be written as the following sum over separate random
variables

∑n
i yi =

∑n
i x

2
i where we have substituted

(Zi − ⟨Z⟩∞)/
√

δ2∞Z = xi. Assuming Zi being derived
from a Gaussian statistics, then xi have a simple Gaus-
sian distribution form

p(x) =
1√
2π

e−x2/2, (32)

as we have already subtracted the mean and then scaled
with the standard deviation. Using the central limit the-
orem, we can see that the same holds for the second
term in the R.H.S. of Eq. (30) meaning that xn+1 =
(⟨Z⟩I − ⟨Z⟩∞)/

√
δ2∞Z/n has a Gaussian distribution as

well. As a result, the statistics of YI follows from that of
a random variable

Y =
n∑

i

yi − yn+1 =
n∑

i

x2
i − x2

n+1. (33)

The lemma 1 introduced below shows that each yi above
follows a χ2-distribution whose variances are δ2yi = 2.
Now treating different yi’s as independent, using Lemma
2 the variance of Y is found to be 2(n− 1).

Finally, by restoring n = NZL=0, we find the variance
of charge fluctuations is

δ2
(
δ2Z

)
∼ 2

NZL=0

(
δ2∞Z

)2
, (34)

which requires NZL=0 >
(
δ2∞Z

)2
(2/ϵ) in order to have

δ2
(
δ2Z

)
< ϵ. This gives a lower limit to the number of

successful steering runs required to estimate the variance
up to an error ϵ. Using the approximate value for the
success fraction from Eq. (27), we would need
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ϵ

(
δ2∞Z

)2 ∼ L5/2

ϵ
(35)

which follows from the fact that the variance of the
steered ensemble exhibits the volume-law scaling δ2∞Z ∝
L.

A. Lemma 1

The square of a random variable with normalized
Gaussian distribution

p(x) =
1√
2π

e−x2/2. (36)

is given by χ2-distribution with one degree of freedom.
Proof.—Since y = x2, we can have two different

branches for x in terms of y which are simply x1 =
√
y

and x2 = −√
y from which we can calculate the proba-

bility distribution of y as

p̃(y) =
∑

i

[
p(x)|dx

dy
|
]

x=xi(y)

=
p(
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y)

√
y

=
e−y/2

√
2πy

, (37)

which completes the proof. The cumulant generating
function for y = x2 can be also calculated as below

Ky(θ) = ln⟨eθy⟩ = ln

∫
dy p(y)eθy

= ln

∫
dy

1√
2π y

e−y/2eθy = ln
[
(1− 2θ)−1/2

]
,
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from which we find the mean and variance to be ⟨y⟩ = 1,
and δ2y = 2, respectively.
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The cumulants of sum of independent random vari-
ables are given by the sum of the corresponding cumu-
lants for each of those random variables. A special yet
interesting case is obviously for the second cumulant as
it gives the variance.
Proof.— We show a similar statement is valid for the

cumulant generating function and then derive it for the
cumulants as they are given by n-th derivatives of the
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Now, the first term in the R.H.S. of Eq. (30) can
be written as the following sum over separate random
variables

∑n
i yi =

∑n
i x

2
i where we have substituted

(Zi − ⟨Z⟩∞)/
√

δ2∞Z = xi. Assuming Zi being derived
from a Gaussian statistics, then xi have a simple Gaus-
sian distribution form

p(x) =
1√
2π

e−x2/2, (32)

as we have already subtracted the mean and then scaled
with the standard deviation. Using the central limit the-
orem, we can see that the same holds for the second
term in the R.H.S. of Eq. (30) meaning that xn+1 =
(⟨Z⟩I − ⟨Z⟩∞)/

√
δ2∞Z/n has a Gaussian distribution as

well. As a result, the statistics of YI follows from that of
a random variable

Y =
n∑

i

yi − yn+1 =
n∑

i

x2
i − x2

n+1. (33)

The lemma 1 introduced below shows that each yi above
follows a χ2-distribution whose variances are δ2yi = 2.
Now treating different yi’s as independent, using Lemma
2 the variance of Y is found to be 2(n− 1).

Finally, by restoring n = NZL=0, we find the variance
of charge fluctuations is

δ2
(
δ2Z

)
∼ 2

NZL=0

(
δ2∞Z

)2
, (34)

which requires NZL=0 >
(
δ2∞Z

)2
(2/ϵ) in order to have

δ2
(
δ2Z

)
< ϵ. This gives a lower limit to the number of

successful steering runs required to estimate the variance
up to an error ϵ. Using the approximate value for the
success fraction from Eq. (27), we would need

Ns !
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(
δ2∞Z

)2 ∼ L5/2

ϵ
(35)

which follows from the fact that the variance of the
steered ensemble exhibits the volume-law scaling δ2∞Z ∝
L.

A. Lemma 1

The square of a random variable with normalized
Gaussian distribution

p(x) =
1√
2π

e−x2/2. (36)

is given by χ2-distribution with one degree of freedom.
Proof.—Since y = x2, we can have two different

branches for x in terms of y which are simply x1 =
√
y

and x2 = −√
y from which we can calculate the proba-

bility distribution of y as

p̃(y) =
∑

i

[
p(x)|dx

dy
|
]

x=xi(y)

=
p(
√
y)
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y

=
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√
2πy

, (37)

which completes the proof. The cumulant generating
function for y = x2 can be also calculated as below

Ky(θ) = ln⟨eθy⟩ = ln

∫
dy p(y)eθy

= ln

∫
dy

1√
2π y

e−y/2eθy = ln
[
(1− 2θ)−1/2

]
,

(38)

from which we find the mean and variance to be ⟨y⟩ = 1,
and δ2y = 2, respectively.
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The cumulants of sum of independent random vari-
ables are given by the sum of the corresponding cumu-
lants for each of those random variables. A special yet
interesting case is obviously for the second cumulant as
it gives the variance.
Proof.— We show a similar statement is valid for the

cumulant generating function and then derive it for the
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Now, the first term in the R.H.S. of Eq. (30) can
be written as the following sum over separate random
variables

∑n
i yi =

∑n
i x

2
i where we have substituted

(Zi − ⟨Z⟩∞)/
√

δ2∞Z = xi. Assuming Zi being derived
from a Gaussian statistics, then xi have a simple Gaus-
sian distribution form

p(x) =
1√
2π

e−x2/2, (32)

as we have already subtracted the mean and then scaled
with the standard deviation. Using the central limit the-
orem, we can see that the same holds for the second
term in the R.H.S. of Eq. (30) meaning that xn+1 =
(⟨Z⟩I − ⟨Z⟩∞)/

√
δ2∞Z/n has a Gaussian distribution as

well. As a result, the statistics of YI follows from that of
a random variable

Y =
n∑

i

yi − yn+1 =
n∑

i

x2
i − x2

n+1. (33)

The lemma 1 introduced below shows that each yi above
follows a χ2-distribution whose variances are δ2yi = 2.
Now treating different yi’s as independent, using Lemma
2 the variance of Y is found to be 2(n− 1).

Finally, by restoring n = NZL=0, we find the variance
of charge fluctuations is

δ2
(
δ2Z

)
∼ 2

NZL=0

(
δ2∞Z

)2
, (34)

which requires NZL=0 >
(
δ2∞Z

)2
(2/ϵ) in order to have

δ2
(
δ2Z

)
< ϵ. This gives a lower limit to the number of

successful steering runs required to estimate the variance
up to an error ϵ. Using the approximate value for the
success fraction from Eq. (27), we would need

Ns !
√
L

ϵ

(
δ2∞Z

)2 ∼ L5/2

ϵ
(35)

which follows from the fact that the variance of the
steered ensemble exhibits the volume-law scaling δ2∞Z ∝
L.

A. Lemma 1

The square of a random variable with normalized
Gaussian distribution

p(x) =
1√
2π

e−x2/2. (36)

is given by χ2-distribution with one degree of freedom.
Proof.—Since y = x2, we can have two different

branches for x in terms of y which are simply x1 =
√
y

and x2 = −√
y from which we can calculate the proba-

bility distribution of y as

p̃(y) =
∑

i

[
p(x)|dx

dy
|
]

x=xi(y)

=
p(
√
y)

√
y

=
e−y/2

√
2πy

, (37)

which completes the proof. The cumulant generating
function for y = x2 can be also calculated as below

Ky(θ) = ln⟨eθy⟩ = ln

∫
dy p(y)eθy

= ln

∫
dy

1√
2π y

e−y/2eθy = ln
[
(1− 2θ)−1/2

]
,

(38)

from which we find the mean and variance to be ⟨y⟩ = 1,
and δ2y = 2, respectively.

B. Lemma 2

The cumulants of sum of independent random vari-
ables are given by the sum of the corresponding cumu-
lants for each of those random variables. A special yet
interesting case is obviously for the second cumulant as
it gives the variance.
Proof.— We show a similar statement is valid for the

cumulant generating function and then derive it for the
cumulants as they are given by n-th derivatives of the
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as the exponential bottleneck associated with the entan-
glement entropy measurement through state tomography.
Crucially, these combined exponential complexities are
replaced by a scalable polynomial overhead which we now
establish.

For a given target trajectory, the fluctuations are ob-
tained from the steered ensemble by running the steering
dynamics Ns times and measuring all the qubits in the
charge basis. If the total charge of the full circuit belongs
to the sector ZL = 0, we also consider the measured value
for the subsystem charge ZLs = Zi. Then, using the val-
ues attained for Zi for the successful runs which end up
in the total charge ZL = 0 sector, we can estimate the
charge fluctuations of subsystem using the so-called sam-
ple variance as

δ2Z(0)
Ls

=
1

2n2

∑

i,j

(Zi − Zj)
2 =

1

n

∑

i

(Zi − ⟨Z⟩)2 , (25)

with ⟨Z⟩ denoting the sample average of Zi [38]. We
see that there are basically two factors to be taken into
account to estimate of number of sufficient steering runs:

• the fraction of successful runs (which end up in the
ZL = 0 sector) in all runs NZL=0/Ns

• the sample-to-sample variations of obtained vari-

ances δ2Z(0)
Ls

with the sample size NZL=0.

To estimate the fraction of successful runs, let us as-
sume that each single qubit measurement event has al-
most equal probabilities for 0 and 1. By running a circuit
of length L and depth T ∼ L (to reach the steady state),
at a measurement rate p, on average m ∼ pLT ∼ pL2

qubits are being measured throughout the evolution.
Then, total number of different possible steering runs we
can have will be ns = 2m, while only

nZL=0 =

(
m
m
2

)
(26)

of them are constraint to have total charge ZL = 0.
Therefore, the success rate of runs is given by

NZL=0

Ns
=

nZL=0

ns
∼

√
2

πm
∼

√
2

p

1

L
.

This is a rather crude approximation based on trajec-
tories for which all measurement outcomes are equally
likely, and does not account for steering which drive the
trajectories towards the ZL = 0 sector. As the num-
ber of different charge sectors scale as ∼ L, the 1/L
scaling is clearly the worst case scenario. In fact, the
trajectory-averaged probability distributions in Fig. 8
have Gaussian-type envelope with standard deviation
∼

√
L. This conclusion follows from the comparison to

a fully random distribution, where all microstates are
equally probable. Due to the enhanced number of states
in the low-lying charge sectors of the multiqubit Hilbert
space, the random distribution has a standard deviation

∼
√
L. As depicted in Fig. 8(a), the trajectory-averaged

steered distribution approaches the fully random case
when p → 0+; however, the distribution remains more
narrow for all p. This indicates that the target-averaged
probability of the ZL = 0 sector scales as pZ=0 ∼ 1√

L
,

hence the mean success fraction per target trajectory also
scales as

NZL=0

Ns
∼ 1√

L
. (27)

Next, we estimate the variance of charge fluctuations
themselves by considering different samples of fixed size
NZL=0. Ideally, we would like to reduce this “variance
of variance” below a small threshold value ϵ. Intuitively,
one expects that by increasing the sample size NZL=0

from which we calculate the subsystem charge fluctua-

tions δ2Z(0)
Ls

, we will have a better estimate with smaller

and smaller δ2
(
δ2Z(0)

Ls

)
. We now show that this intu-

ition is correct and δ2Z(0)
Ls

decreases with the sample size
as 1/NZL=0. In order to determine the variance of vari-
ance, we consider sets of different successful steering runs,
each consisting of n = NZL=0 realizations which we la-
bel with capital letters to not be mixed with separate
steering realizations within each set. Since every set may
give a separate charge fluctuations δ2IZ (from here on, we

drop the indices from δ2Z(0)
Ls

for simplicity), these charge
fluctuations for different sets basically introduce a new
random variable:

YI =
n δ2IZ

δ2∞Z
, (28)

where δ2∞Z is the asymptotic value for the charge fluctu-
ations, obtained from a infinitely large set of steering tra-
jectories which end up in the ZL = 0 charge sector. The
variance of variance for subsystem charge is then related
to the variance of variable Y (which exhibits sample-
to-sample variations between samples with n = NZL=0

steering realization):

δ2
(
δ2Z

)
= δ2

(
δ2∞Z

n
Y

)
=

(
δ2∞Z

n

)2

δ2Y. (29)

We can separate the contribution to this new random
variable as

YI =
1

δ2∞Z

∑

i∈I

(Zi − ⟨Z⟩I)2

=
1

δ2∞Z

∑

i∈I

(Zi − ⟨Z⟩∞)2 − (⟨Z⟩I − ⟨Z⟩∞)2

δ2∞Z/n
, (30)

where we have used the following identity
∑

i∈I

(Zi − ⟨Z⟩∞)2 =
∑

i∈I

(Zi − ⟨Z⟩I + ⟨Z⟩I − ⟨Z⟩∞)2

=
∑

i∈I

(Zi − ⟨Z⟩I)2 + n (⟨Z⟩I − ⟨Z⟩∞)2 . (31)

(Sampling) variance of variace 

Highly scalable overhead
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Summary

•  Symmetry-enforced equivalence of entanglement and fluctuations 

•  Avoiding Full tomography can be by probing fluctuations 

•  Combining with steering eliminates the need for postselection 

•  Improved scalability and significantly reduced post-processing 
compared to other methods 

•  Stronger theoretical support is needed for our numerical findings? 

•  Postselection problem in other measurement-induced phase 
transitions? 

•   Effects of errors (depolarizing noise, decoherence)?


